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We investigate the entanglement entropy in 1+1-dimensional SU(N) gauge
theories with various matter fields using the lattice regularization. Here we
use extended Hilbert space definition for entanglement entropy, which con-
tains three contributions; (1) classical Shannon entropy associated with su-
perselection sector distribution, where sectors are labelled by irreducible rep-
resentations of boundary penetrating fluxes, (2) logarithm of the dimensions
of their representations, which is associated with “color entanglement”, and
(3) EPR Bell pairs, which give “genuine” entanglement. We explicitly show
that entanglement entropies (1) and (2) above indeed appear for various mul-
tiple “meson” states in gauge theories with matter fields. Furthermore, we
employ transfer matrix formalism for gauge theory with fundamental matter
field and analyze its ground state using hopping parameter expansion (HPE),
where the hopping parameter K is roughly the inverse square of the mass for
the matter. We evaluate the entanglement entropy for the ground state and
show that all (1), (2), (3) above appear in the HPE, though the Bell pair
part (3) appears in higher order than (1) and (2) do. With these results, we
discuss how the ground state entanglement entropy in the continuum limit
can be understood from the lattice ground state obtained in the HPE.
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1 Introduction
Entanglement is an key feature, which distinguishes quantum worlds from
classical worlds. Simply saying, entanglement allows us to know detailed in-
formation about subsystem A once we measure the other subsystem B, even
though we know nothing about each subsystem A & B separately before we
make a measurement. Recently these entanglement were caught attention
since it becomes more and more clear that the notion of entanglement is one
of the key feature to understand the gauge/gravity duality [1] and emerging
smooth space-time (see for example, [2]). Needless to say, all of the forces
except for gravity in Nature are described by gauge theories, and furthermore
due to the gauge/gravity duality, quantum gravity in asymptotic anti-de Sit-
ter space is also equivalent to certain gauge theory non-perturbatively. In
order to understand how the space-time emerges through the idea of entan-
glement and gauge/gravity duality, deepening our understanding of entan-
glement in gauge theory must be crucial.
Entanglement in spin system is well-defined and there is no ambiguity for
its definition. Decomposing the Hilbert space into “inside” and “outside”,
and by tracing out the “outside” Hilbert space, we obtain the density matrix
of the “inside” states. Its von Neumann entropy is the entanglement entropy
between “inside” and “outside”. However the situation is a bit more subtle in
gauge theories. In gauge theories, Hilbert space cannot be decomposed into
two gauge invariant subsystem properly, due to the local gauge invariance
condition, which gives non-local constraints for the allowed states. As a re-
sult, there exists non-local operators such as Wilson loops which spread both
“inside” and “outside”, and thus restrict Hilbert spaces of “inside” and “out-
side” through Gauss’s law constraints. The absence of the gauge invariant
decomposition brought some confusions for how to define the entanglement
entropy in gauge theories.
The main problem of how to define the entanglement entropy associated
with the non-product nature of the Hilbert space in gauge theories is now
solved through recent works [3, 4, 5, 6]. For Abelian gauge theory, Casini et
3
al. in [3] pointed out that the presence of a non-trivial center, which com-
mute with all the operators on the “inside” (Hilbert space), characterizes the
ambiguity of the entanglement entropy in gauge theories. Clearly this center
corresponds physically to gauge invariant Wilson loop operators penetrating
the boundary. They connect “inside” and “outside” Hilbert spaces, and also
split the “inside” Hilbert space into several different superselection sectors
labeled by fluxes of the penetrating loop . In each superselection sector,
the Hilbert space can now be written as a tensor product of “inside” and
“outside” Hilbert spaces Hˆkin, Hˆkout. They allow us to define reduced density
matrix ρkin such that Trρ
k
in = 1, where k is the label for different superse-
lection sectors, specifying the penetrating gauge flux ‘representations’ at all
boundaries. Then the definition of the entanglement entropy is given as [3]
SEE = −
∑
k
pk log(pk)−
∑
k
pkTrHˆkinρ
k
in log ρ
k
in , (1.1)
where the second term is the weighted average of the “genuine” entanglement
on each sector k with the probability pk, which we mean EPR Bell pairs
obtained in entanglement distillation,
S(ρkin) = −TrHˆkinρ
k
in log ρ
k
in , (1.2)
while the first term is the classical Shannon entropy for the probability dis-
tribution of the variables on the center1. Note that this classical entropy is
different from the “genuine” entanglement entropy.
The “extended Hilbert space” definition of the entanglement entropy is
given in [4, 5, 6]. In these, we literary extend the Hilbert space in such a way
that the Hilbert space is no more restricted to gauge invariant state only
QBRST |phys〉 = 0 . (1.3)
As a result of this extension, the Hilbert space can now be decomposed as a
tensor products of two (gauge non-invariant) subsystems without ambiguity.
In the lattice formulation of gauge theories, the extended Hilbert space can
be identified to the Hilbert space of a spin system, so that one can define the
entanglement entropy unambiguously. For example in U(1) case, the explicit
calculation becomes possible [7, 8], and it has been shown in [4] that this
definition agrees with (1.1).
In non-Abelian gauge theory, however, the extended Hilbert space entan-
glement entropy definition needs an extension of (1.1), which consists of three
1In [3], it is also shown that different choices of the “inside” operators give different
centers and then it is possible to take a trivial center such that the classical entropy for
the sector distribution part vanishes.
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terms as [8]
SEE = −
∑
k
pk log pk +
∑
k
pk
(∑
i
log dki
)
−
∑
k
pkTrHˆkinρ
k
in log ρ
k
in. (1.4)
The first and third term are essentially the same as (1.1), while the pecu-
liarity of the non-Abelian gauge theory appears in the second term, which
contains the sum over boundary vertices index i, where i runs all bound-
ary vertices and ki is the irreducible representation of the penetrating gauge
loop at that boundary with dki being the dimension of the representation
ki.2 Thus the second term vanishes for the abelian case since all repre-
sentations are 1-dimensional. Here the superselection sector is labelled by
k = {ki | i ∈ all boundary vertices in Hˆkin}. Since the representations in
non-Abelian gauge theory are no more one dimensional, the requirement of
wave function being gauge invariant (singlet) at the boundaries generates a
new type of “entanglement” between “inside” and “outside” states. In other
words, the non-Abelian gauge theory has a new term in (1.4), which is the
entanglement entropy associated with “color” at each boundary.
Although the appropriate definition is given, definitely more detailed as-
pects of the entanglement entropy, especially for non-Abelian gauge theories,
need to be better understood both qualitatively and quantitatively. A pur-
pose of this paper is twofold: one is to deepen our understanding of the
formula (1.4) in non-Abelian gauge theories with various matter fields, by
explicitly evaluating the contributions to each of the three terms in (1.4).
This is because the non-Bell pair contributions, i.e., the first and second
terms of (1.4) are less familiar. The other is to study the vacuum entangle-
ment entropy of non-abelian gauge theories through the lattice formulation.
Gauge theories are well-defined on the lattice, and moreover, once we em-
ploy the extended Hilbert space definition, the gauge theory on the lattice
effectively reduces to the one essentially equivalent to the usual spin system.
The entanglement entropy for the ground state in non-Abelian gauge the-
ories is especially interesting and it is well studied by the strong coupling
expansion in the lattice formulation[9, 10, 11, 6]. In the formulation by
Kogut-Susskind [12], the Hamiltonian for pure gauge theories (without mat-
ter fields) in lattice regularization is given by [13]
H =
g2YM
2a
∑
link (ij)
Jˆ2ij +
1
g2YMa
∑
(plaquette terms) (1.5)
where a is the lattice spacing, gYM is the bare gauge coupling on the lattice,
and Jˆij is the generator of the gauge transformation at the vertex i for the link
2Note that k = {k1,k2, · · · ,knb}, where nb is a total number of boundary vertices.
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(ij), which satisfies Jˆ2ij = Jˆ
2
ji. In the strong coupling limit that gYM → ∞,
the ground state, which we call the strong coupling ground state |0〉strong, is
given by the tensor product of the ground state |0〉ij of each link as
|0〉strong =
⊗
ij
|0〉ij , (1.6)
where |0〉ij satisfies Jˆ2ij |0〉ij = 0. Therefore there is no entanglement for
the strong coupling ground state. Note that plaquette terms disappear in
2 dimension, so that one can always obtain this |0〉strong as a ground state
in 2-dimensional pure gauge theories at an arbitrary value of the coupling
constant. In other words, not only the ground state obtained in higher di-
mensional (d ≥ 3) pure gauge theories at strong coupling limit but also that
of 2-dimensional gauge theories at an arbitrary coupling ground state are
given by |0〉strong on the lattice.
On the other hand, the vacuum in continuum gauge theories, which we
call the continuum ground state, is manifestly entangled: tracing out the
subsystem makes the rest subsystem into mixed states like the Bogoliubov
transformation. This is not a contradiction, however, since the lattice gauge
theories at the strong coupling limit is far from the continuum limit. Due to
the asymptotic freedom of gauge theories, the continuum gauge theory with
non-zero renormalized coupling (the IR theory) is obtained from the lattice
gauge theory in the limit of zero bare gauge coupling (the UV theory).
Therefore, it is important to understand how the strong coupling ground
state approaches the entangled continuum ground state in the process of the
continuum limit. In generic dimensions, however, solving the gauge theory
on the lattice analytically is very hard exercise, unless we take the strong
coupling limit or the expansion around it. That is why people use numerical
simulations in lattice gauge theories, which are shown to be very successful.
This situation is a little different in 2-dimensions, since a 2-dimensional pure
gauge theory is in some sense “trivial” due to the absence of local physical
degrees of freedom. As a result, we can calculate entanglement entropy for
any states at an arbitrary coupling constant [14], so that we can take the
continuum limit analytically. Unfortunately, “genuine” entanglement, i.e.,
the third term in (1.4), vanishes in 2-dimensional pure gauge theories even
in the continuum limit [14] as is expected.
Once we add matter fields to pure gauge theories in 2-dimensions, “gen-
uine” entangled states emerge due to the existence of local degrees of free-
dom. We thus take these gauge plus matter theories as toy models of pure
gauge theories in higher dimensions, since gauge plus adjoint matters in 2-
dimensions, for example, are expected to have analogous behaviors as higher
6
dimensional pure Yang-Mills theories with compactified extra (d− 2) dimen-
sions. While pure gauge theories plus matters can not be solved analytically
even in 2-dimensions,3 we can include effects of matter fields order by order
in the hopping parameter expansion (HPE) for the small hopping parameter
K ≡ 1/(2 + (ma)2), where m is the bare mass of matter field and ma must
be large for the HPE to work.4
In this paper, using the HPE but at an arbitrary gauge coupling, we demon-
strate how the “genuine” entanglement entropy emerges for the ground state
of gauge plus matter fields in 2-dimensions. We mainly consider matter fields
in the fundamental representation, but an essential idea works similarly for
adjoint matters and other representations. Adding adjoint matters is an in-
teresting set-up, since it resembles the large N D1-brane gauge theory, which
is dual to the string theory in the curved space-time [16].
The organization of this paper is as follows. In §2, we review the lattice
study in [6] for the pure gauge theory in 2-dimensions, which has no local
physical degrees of freedom. Therefore, there is no “genuine” entanglement
in 2-dimensional pure gauge theory. Then in §3 and 4, we add matter fields,
and study entanglement of various meson excited states. §5 gives a short
summary of the first part. Then in §6, we show at the leading order of HPE
that these mesons states appear in the ground state of this theory, which is
the eigenstates of the “transfer matrix” Tˆ with the largest eigenvalues. The
transfer matrix is the time translation operator on the lattice with one time
unit and is related to the Hamiltonian H as Tˆ = e−aH . Then later in §7,
we consider the higher order corrections of HPE and show that the strong
coupling ground state and lattice meson states mix to form the true ground
state, and at the K6 order, the ground state of the transfer matrix shows
nonzero “genuine” entanglement, and we end with discussion in §8 on our
picture of how the strong coupling ground state, which has no entanglement,
is connected to the continuum entangled ground state.
Throughout this paper5, we consider SU(N) gauge theory with N ≥ 3.
3Unless we take large N limit [15].
4The massless theory or the continuum limit with the finite mass corresponds to K =
1/2, its maximum value.
5For N = 2 case, the analysis, especially in §4, is slightly modified since meson is
un-oriented due to the fact that fundamental = anti-fundamental for SU(2).
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Figure 1: Toy seven vertex lattice setup. Black vertices and solid lines belongs
to “inside” and white vertices and dotted lines to “outside”.
2 Entanglement entropy for pure gauge the-
ory in lattice formulation
In this section, we briefy illustrate how the second terms of the entanglement
entropy in eq. (1.4) appear in the 2-dimensional pure gauge theory on the
lattice formulation [14], using explicit examples.
We will consider the 7 vertex spatial lattice given in Fig. 1 as a simple
example, which is good enough to see the essential points, and one can easily
generalize the results in this section to more general cases.
Consider following wave function
R(U) ≡ χF(U) = Tr
F
(U) (U ≡ U12U23U34U45U56U67U71) , (2.1)
where Uij ∈ SU(N) is the spatial gauge link variable between the vertices i
and j, which satisfies Uji ≡ U †ij, and χF(U) is the character for the ‘funda-
mental representation’ F.6
Straightforward calculation shows that the reduced density matrix becomes
〈U12, U23, U71| ρ |V12, V23, V71〉
=
∫
dW34dW45dW56dW67χF(U71U12U23W34W45W56W67)
× χF(W †67W †56W †45W †34V †23V †12V †71)
=
1
N
χF(U71U12U23V
†
23V
†
12V
†
71) , (2.2)
6We take the temporal gauge A0 = 0 throughout this paper. As will be seen later, this
R(U) is the eigenfunction of the transfer matrix [14].
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where we used (6.19) and integrated out “outside”-link variablesW34,W45,W56,W67.
Therefore the square of the reduced density matrix is
〈U12, U23, U71| ρ2 |V12, V23, V71〉 = 1
N2
∫
dW12dW23dW71χF(U71U12U23W
†
23W
†
12W
†
71)
× χF(W71W12W23V †23V †12V †71)
=
1
N3
χF(U71U12U23V
†
23V
†
12V
†
71)
=
1
N2
〈U12, U23, U71| ρ |V12, V23, V71〉 , (2.3)
where again we used (6.19). This implies
Trρn =
1
N2(n−1)
. (2.4)
As a result, we obtain an entanglement entropy SEE as
SEE ≡ −Trρ log ρ = − lim
n→1
∂
∂n
Trρn = 2 logN = nb logN . (2.5)
This is consistent with the “area-law” of the entanglement entropy [17], where
the boundary is consists of two sites, i.e., site 3 and 7, so the “boundary site
number” nb = 2. To see this further, as an example of nb = 4, we consider
a different separation of in and out regions in such a way that link 2-3 and
5-6 are outside and others are inside. Then using (6.19) and (6.20), it is
straightforward to check the reduced density matrix and its square become
〈Uin| ρ |Vin〉 =
∫
dW23dW56χF(U71U12W23U34U45W56U67)
× χF(V †67W †56V †45V †34W †23V †12V †71)
=
1
N2
χF(U67U71U12V
†
12V
†
71V
†
67)χF(U34U45V
†
45V
†
34) , (2.6)
〈Uin| ρ2 |Vin〉 = 1
N4
∫
dW12dW71dW67χF(U67U71U12W
†
12W
†
71W
†
67)
× χF(W67W71W12V †12V †71V †67)
×
∫
dW34dW45χF(U34U45W
†
45W
†
34)χF(W34W45V
†
45V
†
34)
=
1
N4
〈Uin| ρ |Vin〉 , (2.7)
so that we obtain
SEE = 4 logN = nb logN , (2.8)
for nb = 4. It is easy to see in general that
SEE = nb log dR , (2.9)
9
where dR is the dimension of the irreducible representation R. This is the
essential results of [5, 14]. Before we end this section, we have several com-
ments.
Since there is no physical degrees of freedoms in the 2-dimensional pure
gauge theory, the result (2.9) cannot represent the “genuine” entanglement
in the sprint of the information theory, which is equivalent to the number
of Bell pairs obtained in the entanglement distillation. See §4 of [6], for
example.
All calculations in the above are done in the extended Hilbert space def-
inition [4, 5, 6]. The Hilbert space in the gauge theory cannot be written
as a tensor product of “inside” Hilbert space and “outside” Hilbert space.
In above calculations, however, we trace over all of the out states without
worrying about the gauge constraint. This is possible only in the extended
Hilbert space.
In the extended Hilbert space, we can define the entanglement entropy,
which consists of three contributions as is given (1.4). Different superse-
lection sectors are distinguished by the electric flux for the Abelian gauge
theory and by the quadratic Casimir for the non-Abelian gauge theory at
each boundary, and the different Casimir corresponds to the different “spin”,
or representation. Due to the Gauss’s law in 1+1 dimension, we have only
one sector, pF = 1, in our wave function (2.1), restricted in the fundamental
representation. Therefore (2.9) gives only the second term in (1.4), as the
first and the third term in (1.4) vanish.
Clearly this entanglement entropy (2.9) is associated with the fact that in
and out link variables connected with each other at the boundary vertex can-
not take values freely due to the gauge invariance constraint, and this gauge
invariance correlates the two link variables. As a result, this correlation pro-
duces the entanglement obtained in (2.9), which is the “color entanglement”.
3 Entanglement entropy for single meson states
3.1 2d gauge theory with the fundamental scalar field
Now we consider the 2-dimensional gauge theory with the fundamental scalar
field. Again we consider the Fig. 1 lattice setup. For each vertex n, there is
a scalar field ϕn, in addition to the link variable Uij ≡ U †ji on each link (ij).
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Let us consider the following wave function,
Ψ(ϕi, Uij) ≡ 1N
[
ϕ†1U12U23U34U45ϕ5
] 7∏
m=1
e−
γ
2
ϕ†nϕn , (3.1)
|N |2 = N
γ2
(
pi
γ
)7N
, (3.2)
where N is the normalization constant. This is a single “meson” state com-
posed by a scalar “quark” (at site n = 1) and “anti-quark” (at site n = 5)
pair. For the wave function of the scalar field to be normalizable, we have
introduced the Gaussian suppression factor ∝ e− γ2ϕ†ϕ with the Gaussian pa-
rameter γ. The normalization constant N is obtained from the condition
1 =
∫
[dϕ1dϕ2 · · · dϕ7]
∫
[dU12dU23 · · · dU71]Ψ∗(ϕi, Uij)Ψ(ϕi, Uij) ,
where we use (A.1) and (A.10). Similarly, using (A.1), (A.2) and (3.2), the
reduced density matrix ρ(ϕin, Uin;φin, Vin) becomes
ρ(ϕin, Uin;φin, Vin) =
∫
[dϕ˜4 · · · dϕ˜7]
∫
[dW34 · · · dW67]Φ(ϕin, ϕ˜out;Uin,Wout)
× Φ∗(φin, ϕ˜out;Vin,Wout)
=
γ
N
(
pi
γ
)−3N [
(ϕ†1U12V
†
12φ1)
3∏
n=1
e−
γ
2
ϕ†nϕn− γ2 φ
†
nφn
]
,
(3.3)
and a square of the reduced density matrix thus is given by
ρ2(ϕ,U ;φ, V ) =
∫
[dϕ˜dW ] ρ(ϕ,U ; ϕ˜,W )ρ(ϕ˜,W ;φ, V )
=
[
γ
N
(
pi
γ
)−3N]2 3∏
n=1
e−
γ
2
ϕ†nϕn− γ2 φ
†
nφn
×
∫
[dϕ˜dW ]
(
ϕ†1U12W
†
12ϕ˜1
) (
ϕ˜†1W12V
†
12φ1
)
e−γ(ϕ˜
†
1ϕ˜1+ϕ˜
†
2ϕ˜2+ϕ˜
†
3ϕ˜3)
=
[
γ
N
(
pi
γ
)−3N]2 3∏
n=1
e−
γ
2
ϕ†nϕn− γ2 φ
†
nφn
(
ϕ†1U12
)
c
(
V †12φ1
)b
×
∫
[dϕ˜2dϕ˜3] e
−γ(ϕ˜†2ϕ˜2+ϕ˜†3ϕ˜3) 1
N
δadδ
c
b
∫
[dϕ˜1] ϕ˜
d
1ϕ˜
†
1a e
−γ(ϕ˜†1ϕ˜1)
=
1
N
ρ(ϕin, Uin;φin, Vin) , (3.4)
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where we have performed the W12 integral using the formula (A.10) in the
third equality, and then the ϕ integral using (A.2) in the fourth equality.
From eq. (3.4), the entanglement entropy is obtained as
SFund.EE = −Trρ log ρ = logN . (3.5)
Here logN simply represents the color charge entanglement between scalar
quark and anti-quark in the fundamental representation.
A few comments are in order.
• This logN term corresponds to the 2nd term of (1.4). First of all,
since a color is neither physical nor observable, this term cannot be
the “genuine” entanglement related to the Bell pair, i.e., the 3rd term
in (1.4). A reason why eq. (3.5) does not satisfy the area-law of the
entanglement is simply because the flux takes the fundamental repre-
sentation at the “boundary vertex” 3 only but the trivial representation
at the “boundary vertex” 7. Furthermore, since we have already fixed
the representation in this setup, the 1st term of (1.4) can not appear
in eq. (3.5).
• We can easily show the followings. The entanglement entropy is given
again by (3.5) for the wave functions
ϕ†5U56U67U71ϕ1 (3.6)
instead of (3.1), while it vanishes if all fields (quark, anti-quark and all
link variables) belong to either “inside” or “outside” such that
ϕ†1ϕ1 , ϕ
†
1U12U23ϕ3 , ϕ
†
4U45U56U67ϕ7 , (3.7)
as expected.
• The situation is very similar to the pure gauge theory in §2. Regarding
that the link variable U56
c
d made up of two scalar fields ϕ5
c and ϕ†6 d
as U56
c
d ≈ ϕ5cϕ†6 d, the result in eq. (2.5) can be understood as follows.
The argument of log for the entanglement entropy is the dimensions of
the representation, i.e., the entanglement associated with color num-
bers. The coefficient in front of logN counts a number of boundary
vertices in which the gauge flux penetrates. As we will see in the next
subsection, the adjoint matter field gives the log (N2 − 1) instead of
logN contribution to the entanglement entropy.
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3.2 2d gauge theory with the adjoint scalar field
For completeness, we show the result with the adjoint matter field Φ. We
take
Ψ(Φi, Uij) =
1
N
[
χ(Φ1U12U23U34U45Φ5U
†
45U
†
34U
†
23U
†
12)
] 7∏
i=1
e−βTrΦ
2
i (3.8)
for the wave function with the adjoint scalar field Φ at the vertex 1 and 5,
where β is the Gaussian suppression factor. The lattice setup is same as Fig.
1.
Applying (A.7) and (A.11) to the condition
1 =
1
|N |2
∫
[dΦ][dU ]χ(Φ1U12U23U34U45Φ5U
†
45U
†
34U
†
23U
†
12)
× χ(Φ1U12U23U34U45Φ5U †45U †34U †23U †12)
7∏
i=1
e−2βTrΦ
2
i , (3.9)
the normalization constant is determined as
1
|N |2 =
16β2
N2 − 1
(√
2β
pi
)7(N2−1)
. (3.10)
Then, the reduced density matrix is given by
〈Φ˜in, Vin| ρ |Φin, Uin〉
=
1
|N |2
3∏
i=1
e−βTrΦ
2
i−βTrΦ˜2i
∫
[dX4,6,7]
∏
i=4,6,7
e−2βTrX
2
i
∫
[dW ][dX5]
× χ(Φ1U12U23W34W45X5W †45W †34U †23U †12)
× χ(Φ˜1V12V23W34W45X5W †45W †34V †23V †12)e−2βTrX
2
5
=
4β
N2 − 1
(√
2β
pi
)3(N2−1)
︸ ︷︷ ︸
:=A
χ(U †23U
†
12Φ1U12U23V
†
23V
†
12Φ˜1V12V23)
3∏
i=1
e−βTrΦ
2
i−βTrΦ˜2i ,
(3.11)
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and its square becomes
〈Φ˜in, Vin| ρ2 |Φin, Uin〉 = A2
∫
[dX2][dX3]
∏
i=2,3
e−2βTrX
2
i
×
∫
[dX1][dW ]χ(U
†
23U
†
12Φ1U12U23W
†
23W
†
12X1W12W23)
× χ(W †23W †12X1W12W23V †23V †12Φ˜1V12V23)e−2βTrX
2
1
3∏
i=1
e−βTrΦ
2
i−βTrΦ˜2i
=A
4β
N2 − 1
(√
2β
pi
)3(N2−1)
1
4β
(√
pi
2β
)3(N2−1)
× χ(U †23U †12Φ1U12U23V †23V †12Φ˜1V12V23)
3∏
i=1
e−βTrΦ
2
i−βTrΦ˜2i
=
1
N2 − 1 〈Φ˜in, Vin| ρ |Φin, Uin〉 , (3.12)
Therefore, the entanglement entropy is obtained as
SEE = log(N
2 − 1) , (3.13)
which confirms that the argument of log counts a dimension of the represen-
tation for the flux at the boundary vertex.
3.3 Entanglement entropy for a single meson with the
multiple splitting
Let us consider the situation where vertices 1, 2, 4, 5 and links (12), (23), (45), (56)
belong to “inside” and the rest belong to “outside”. See Fig. 2.
Let us consider the following wave function
Ψ(ϕi, Uij) ≡ 1N
[
ϕ†2U23U34U45U56U67ϕ7
] ∏
m=1,2,4,5
e−
a
2
ϕ†mϕm
∏
n=3,6,7
e−
a
2
ϕ†nϕn ,
(3.14)
1
|N |2 =
a2
N
(pi
a
)−7N
. (3.15)
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Figure 2: Black vertices and solid lines belong to “inside” and white vertices
and dotted lines to “outside” as before. Scalar quark/anti-quark are at ver-
tices 2 and 7 and gluon is penetrating at the boundary vertices 3, 4, and
6 but not 1. The color indices for the reduced density matrix can be seen
pictorially in the right figure.
It is straightforward to show
ρin =
1
|N |2
∫
[dϕ˜dW ]
(
ϕ†2U23W34U45U56W67ϕ˜7
)(
ϕ˜†7W
†
67V
†
56V
†
45W
†
34V
†
23φ2
)
× e−a(ϕ˜†3ϕ˜3+ϕ˜†6ϕ˜6+ϕ˜†7ϕ˜7)e−a2 (ϕ†1ϕ1+ϕ†2ϕ2+ϕ†4ϕ4+ϕ†5ϕ5)−a2 (φ†1φ1+φ†2φ2+φ†4φ4+φ†5φ5)
=
a
N2
(pi
a
)−4N (
ϕ†2U23V
†
23φ2
) [
χF
(
U45U56V
†
56V
†
45
)]
× e−a2 (ϕ†1ϕ1+ϕ†2ϕ2+ϕ†4ϕ4+ϕ†5ϕ5)−a2 (ϕ↔φ) . (3.16)
This reduced density matrix can be shown pictorially in Fig. 2. We thus
obtain
ρ2in =
1
N3
ρin , (3.17)
SEE = 3 logN , (3.18)
which is again consistent with the second term in (1.4), since a number of
boundaries on which the penetrating flux of the fundamental representation
exists is nb = 3 (at vertices 3, 4, and 6). The boundary 1 does not contribute
since there is no penetrating flux there.
So far, we obtain the entanglement entropy
SEE = nb log dR , (3.19)
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where dR is the dimension of the representation R, and nb is the number of
boundaries on which there is nontrivial flux in the representation R of the
gauge group.
4 Entanglement for multiple meson states
We next consider multiple meson states and evaluate their entanglement
entropy. In §4.1, we first consider a two meson state where two meson exci-
tations do not overlap each other. Next in §4.2, we consider a various types
of overlapped two meson states whose excited fluxes go through the same
boundary. We classify these states in Fig. 3, and consider the entanglement
entropy for all of these possibilities. In §4.3, we finally consider a four meson
state where all excited fluxes penetrate the same boundary.
One of the main differences between these multiple meson excitations and
single meson excitations in the previous section is that we need to decompose
the product of the same link variables of multiple meson excitations at the
same boundary into a sum of irreducible representations. As a results of this
decomposition, we have several different superselection sectors, labeled by the
irreducible representation R of the penetrating flux. This results in nonzero
contribution to the 1st term of the entanglement entropy in (1.4), which is
the Shannon entropy associated with the superselection sector distribution.
In this section, we again use the lattice setup in Fig. 1.
4.1 Two mesons without overlapping
We first consider a two meson state without overlap. Explicitly, let us con-
sider the following wave function,
Ψ(ϕi, Uij) =
1
N
(
ϕ†5U56U67U71ϕ1
)(
ϕ†2U23U34ϕ4
) 7∏
i=1
e−
γ
2
ϕ†iϕi , (4.1)
|N |−2 =
(
γ2
N
)2(
pi
γ
)−7N
. (4.2)
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A straightforward calculation shows that the reduced density matrix and its
square are given by
ρin(ϕ,U ;φ, V ) =
( γ
N
)2(pi
γ
)−3N (
φ†1V
†
71U71ϕ1
)(
ϕ†2U23V
†
23φ2
)
×
3∏
i=1
e−
a
2
ϕ†iϕi− γ2 φ
†
iφi . (4.3)
ρ2in(ϕ,U ;φ, V ) =
1
N2
ρin(ϕ,U ;φ, V ) , (4.4)
Thus the entanglement entropy is
SEE = logN
2 = 2 logN, (4.5)
which is simply the twice of the single meson result (3.5), and can be under-
stood from (3.19).
4.2 Two mesons sharing the same boundary
We next consider several types of two overlapping meson states whose excited
fluxes penetrate the same boundary, as shown in Fig. 3.
4.2.1 Case (a): Opposite meson direction with 4 (anti)quarks at
different positions
Let us consider the following state corresponding to Fig. 3 (a),
Ψa(ϕi, Uij) =
1
Na
(
ϕ†2U23U34U45ϕ5
)(
ϕ†6U
†
56U
†
45U
†
34ϕ3
) 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.6)
|Na|−2 =
(
γ2
N
)2(
pi
γ
)−7N
. (4.7)
Overlapping links need to be decomposed into a sum of irreducible represen-
tations. Explicitly, let us consider the link variable between 3 and 4 vertices.
Since there are one fundamental (U34) and one anti-fundamental (U
†
34) links,
this state split into a sum of “singlet” and “adjoint” states as follows. Let
us first rewrite our state as
Ψa(ϕi, Uij) =
1
Na
(
ϕ†2→3U34ϕ4→5
)(
ϕ†6→4U
†
34ϕ3
) 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.8)
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Figure 3: Two meson configurations which we consider in this subsection.
where ϕi→j’s are defined by(
ϕ†2→3
)
a
≡
(
ϕ†2U23
)
a
, (4.9)
(ϕ†6→4)a ≡ (ϕ†6U †56U †45)a , (4.10)
(ϕ4→5)a ≡ (U45ϕ5)a . (4.11)
We then decompose this state as(
ϕ†2→3U34ϕ4→5
)(
ϕ†6→4U
†
34ϕ3
)
= (Φ†23)
j
a(Φ46)
b
i
(
(U34)
a
b(U
†
34)
i
j − 1
N
δajδ
i
b
)
+
1
N
(ϕ†2→3ϕ3)(ϕ
†
6→4ϕ4→5) , (4.12)
where
(Φ†23)
j
a ≡
[
(ϕ3)
j(ϕ†2→3)a −
1
N
δja(ϕ
†
2→3ϕ3)
]
,
(Φ46)
b
i ≡
[
ϕb4→5(ϕ
†
6→4)i −
1
N
δbiϕ
†
6→4ϕ4→5
]
. (4.13)
As mentioned, the first and the second terms in the r.h.s. of (4.12) represent
the adjoint and the singlet states, respectively.
The reduced density matrix for this state becomes
ρin(ϕin, Uin;φin, Vin) =
1
N2
ρ(1)(ϕin, Uin;φin, Vin)
+
(
1− 1
N2
)
ρ(adj)(ϕin, Uin;φin, Vin) , (4.14)
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where
ρ(1)(ϕin, Uin;φin, Vin)
=
γ2
N
(
pi
γ
)−4N (
ϕ†2U23ϕ3
)(
φ†3V
†
23φ2
) 4∏
n=1
e−
γ
2
ϕ†nϕn− γ2 φ
†
nφn , (4.15)
ρ(adj)(ϕin, Uin;φin, Vin)
=
γ2
N2 − 1
(
pi
γ
)−4N (
ϕ†2U23V
†
23φ2
)(
φ†3ϕ3
) 4∏
n=1
e−
γ
2
ϕ†nϕn− γ2 φ
†
nφn
− 1
N2 − 1 ρ(1)(ϕin, Uin;φin, Vin) , (4.16)
and these matrices satisfy
Trρ(1) = Trρ(adj) = 1 , ρ
2
(1) = ρ(1) , (4.17a)
ρ2(adj) =
1
N2 − 1 ρ(adj) , ρ(1)ρ(adj) = ρ(adj)ρ(1) = 0 . (4.17b)
Using these, the entanglement entropy for this state Ψa is given by
7
SEE = − lim
n→1
∂
∂n
Trρn
= − lim
n→1
∑
R
∂
∂n
(
1
N2n
+
(
1− 1
N2
)n(
1
N2 − 1
)n−1)
= −
{
1
N2
log
1
N2
+
(
1− 1
N2
)
log
(
1− 1
N2
)}
+
(
1− 1
N2
)
log(N2 − 1)
= logN2 . (4.18)
In the third line, the first two terms correspond to the Shannon entropy for
the superselection sector distribution (p(1) = 1/N
2 and p(adj) = 1 − 1/N2),
i.e., the first term in (1.4), while the third term corresponds to the dimension
of the adjoint representation, i.e., the second term in (1.4). On the other
hand, since the genuine entanglement, the third term in (1.4), is absent here,
we cannot extract any Bell pairs from this state.
7We here use limn→1 ∂A
n
∂n = A logA and limn→1
∂An−1
∂n = logA.
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4.2.2 Case (b): Two excited mesons in the same direction with 4
(anti)quarks at different positions
Instead of the wave function (4.6), we next consider the state
Ψb(ϕi, Uij) =
1
Nb
(
ϕ†2U23U34U45ϕ5
)(
ϕ†3U34U45U56ϕ6
) 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.19)
|Nb|−2 =
(
γ2
N
)2(
pi
γ
)−7N
, (4.20)
where quark-anti-quark pairs lie in the same direction as Fig. 3 (b). In this
case, we can decompose the state into “symmetric” and “anti-symmetric”
states. Similarly to the previous case, the reduced density matrix becomes
ρin(ϕin, Uin;φin, Vin) =
N + 1
2N
ρ(sym)(ϕin, Uin;φin, Vin)
+
N − 1
2N
ρ(asym)(ϕin, Uin;φin, Vin) , (4.21)
where these matrices satisfy
Trρ(sym) = Trρ(asym) = 1 , ρ
2
(sym) =
2
N(N + 1)
ρ(sym) , (4.22a)
ρ2(asym) =
2
N(N − 1)ρ(asym) , ρ(sym)ρ(asym) = ρ(asym)ρ(sym) = 0 . (4.22b)
Therefore the entanglement entropy for Ψb is evaluated as
SEE = − lim
n→1
∑
R
∂
∂n
{(
N + 1
2N
)n(
2
N(N + 1)
)n−1
+
(
N − 1
2N
)n(
2
N(N − 1)
)n−1}
= −
{
N + 1
2N
log
N + 1
2N
+
N − 1
2N
log
N − 1
2N
}
+
{
N + 1
2N
log
N(N + 1)
2
+
N − 1
2N
log
N(N − 1)
2
}
= logN2 . (4.23)
The result is very similar to the previous case: The first two terms in the
second equality correspond to the Shannon entropy for the superselection
sector distribution with psym = (N + 1)/(2N) and pasym = (N − 1)/(2N),
and the next two terms correspond to the color entanglement with dsym =
N(N + 1)/2 and dasym = N(N − 1)/2, while there is no Bell pairs in this
state.
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4.2.3 Case (c) and (d): 4 (anti)quarks at the same positions
In the previous two examples, that entanglement entropy for two mesons in
different quark-antiquark positions is logN2, which however does not contain
any Bell pairs. We here consider two meson states in the same (anti)quark
positions, which are shown to have the different entanglement entropy. How-
ever, again all contributions come from non-Bell pair parts.
Let us consider the following two wave functions,
Ψc(ϕi, Uij) =
1
Nc
(
ϕ†2→3U34ϕ4→5
)2 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.24)
Ψd(ϕi, Uij) =
1
Nd
(
ϕ†2→3U34ϕ4→5
)(
ϕ†4→5U
†
34ϕ2→3
) 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.25)
|Nc|−2 = |Nd|−2 = γ
4
2N(N + 1)
(
pi
γ
)−7N
, (4.26)
which correspond to two meson excitations in the same and opposite direc-
tions at the same (anti)quark positions, in Fig. 3 (c) and (d), respectively.
The reduced density matrices for these states become
ρc,in(ϕin, Uin;φin, Vin) = ρ(sym)(ϕin, Uin;φin, Vin) , (4.27)
ρd,in(ϕin, Uin;φin, Vin) =
N + 1
2N
ρ(1)(ϕin, Uin;φin, Vin)
+
N − 1
2N
ρ(adj)(ϕin, Uin;φin, Vin) . (4.28)
where ρ(sym) satisfies the relation (4.22a), while ρ(1) and ρ(adj) satisfy the
relation (4.17). Note that ρc does not have ρ(asym) since identical scalars
cannot form anti-symmetric combinations. Similar calculations as before
give the entanglement entropy as
Sc,EE = log
N(N + 1)
2
, (4.29)
Sd,EE = −
{
N + 1
2N
log
(
N + 1
2N
)
+
N − 1
2N
log
(
N − 1
2N
)}
+
N − 1
2N
log(N2 − 1) . (4.30)
For the case (c) in the same direction, the entanglement entropy is given
solely by the color entanglement of the symmetric representation without
Shanon entropy for the superselection sector distribution, while for the case
(d) in the opposite direction, both Shannon part and the color entanglement
part appear. Again there is no Bell pair in both cases.
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4.2.4 Case (e) and (f): only 2 (anti)quarks at the same position
To make the classification complete, we consider the following wave functions,
Ψe(ϕi, Uij) =
1
Ne
(
ϕ†2→3U34ϕ4→5
)(
ϕ†4→5U
†
34ϕ3
) 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.31)
Ψf (ϕi, Uij) =
1
Nf
(
ϕ†2→3U34ϕ4→5
)(
ϕ†3U34ϕ4→5
) 7∏
n=1
e−
γ
2
ϕ†nϕn , (4.32)
|Ne|−2 = |Nf |−2 = γ
4
N(N + 1)
(
pi
γ
)−7N
, (4.33)
where mesons are in the opposite and the same directions with 2 (anti)quarks
are at the same position, corresponding to Fig. 3 (e) and (f), respectively.
The reduced density matrices become
ρe,in(ϕin, Uin;φin, Vin) =
1
N
ρ(1)(ϕin, Uin;φin, Vin)
+
(
1− 1
N
)
ρ(adj)(ϕin, Uin;φin, Vin) , (4.34)
ρf,in(ϕin, Uin;φin, Vin) = ρ(sym)(ϕin, Uin;φin, Vin) , (4.35)
where ρ(1), ρ(adj) and ρ(sym) satisfy the relation (4.17) and (4.22a). The
resultant entanglement entropy becomes
Se,EE = −
{
1
N
log
1
N
+
(
1− 1
N
)
log
(
1− 1
N
)}
+
(
1− 1
N
)
log(N2 − 1) , (4.36)
Sf,EE = log
N(N + 1)
2
. (4.37)
Again, for the case (f) in the same direction, is given solely by the color
entanglement of the symmetric representation without Shanon entropy part,
while for the case (e) in the opposite direction, both the Shannon part and the
color entanglement part appear. Both states have no genuine entanglement.
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Figure 4: Four mesons we consider in this subsection. For simplicity, we
consider the case that a distance between quark and antiquark is one lattice
spacing for all four mesons.
4.3 Four mesons at the same position
Let us consider a more complicated example, four mesons at same position
as is given in Fig. 4. Our wave function is
Ψ(ϕ,U) =
1
N
[
ϕ†3U34ϕ4
]2 [
ϕ†4U
†
34ϕ3
]2 7∏
i=1
e−
γ
2
ϕ†iϕi
=
1
N (ϕ
†φ)2(φ†ϕ)2
7∏
i=1
e−
γ
2
ϕ†iϕi , (4.38)
|N |−2 = γ
8
4!N(N + 1)(N + 2)(N + 3)
(
pi
γ
)−7N
,
where we define ϕ ≡ ϕ3 and φ ≡ U34ϕ4. We will omit the damping factor
such as
∏7
i=1 e
− γ
2
ϕ†iϕi from now on just for simplicity.
One can decompose our wave function as follows.
Ψ(ϕ,U) =
1
N
(
Ψ1(ϕ,U) + ΨN2−1(ϕ,U) + Ψ1
4
N2(N−1)(N+3)(ϕ,U)
)
, (4.39)
where
Ψ1(ϕ,U) =
2
N(N + 1)
(ϕ†3ϕ3)
2(ϕ†4ϕ4)
2 , (4.40)
ΨN2−1(ϕ,U) =
4
N + 2
(ϕ†3ϕ3)(ϕ
†
4ϕ4)
[
(ϕ†3U34ϕ4)(ϕ
†
4U
†
34ϕ3)
− 1
N
(ϕ†3ϕ3)(ϕ
†
4ϕ4)
]
, (4.41)
Ψ1
4
N2(N−1)(N+3)(ϕ,U) = (ϕ
†
3U34ϕ4)
2(ϕ†4U
†
34ϕ3)
2 − 2
N + 2
(ϕ†3ϕ3)(ϕ
†
4ϕ4)
×
[
2(ϕ†3U34ϕ4)(ϕ
†
4U
†
34ϕ3)−
1
N + 1
(ϕ†3ϕ3)(ϕ
†
4ϕ4)
]
. (4.42)
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Here R of ΨR(ϕ,U) denotes the irreducible representation of SU(N). Note
that above Ψ1, ΨN2−1 and Ψ1
4
N2(N−1)(N+3) are not normalized at this mo-
ment. Like the case (c) before for two mesons at the same position, anti-
symmetric combinations disappear. See appendix C for the derivation of
(4.39). Since these wave functions are mutually orthogonal, our reduced
density matrix also becomes the sum of each sector as
ρ(ϕ, φ) =
∑
R
pRρR(ϕ, φ) , (4.43)
where R = 1,N2 − 1 and 1
4
N2(N− 1)(N + 3).
From (4.40) - (4.42), together with the normalization that Tr ρR = 1 for
each ρR, we obtain
8
ρ1(ϕ, φ) =
γ4
N(N + 1)(N + 2)(N + 3)
(ϕ†3ϕ3)
2(φ†3φ3)
2
(
pi
γ
)−3N
, (4.44)
ρN2−1(ϕ, φ) =
γ4
(N2 − 1)(N + 2)(N + 3)
(
pi
γ
)−3N
(ϕ†3ϕ3)(φ
†
3φ3)
×
[
(ϕ†3φ3)(φ
†
3ϕ3)−
1
N
(ϕ†3ϕ3)(φ
†
3φ3)
]
, (4.45)
ρ1
4
N2(N−1)(N+3)(ϕ, φ) =
γ4
N2(N − 1)(N + 3)
(
pi
γ
)−3N [
(ϕ†3φ3)
2(φ†3ϕ3)
2
− 4
N + 2
(ϕ†3ϕ3)(φ
†
3φ3)
(
(ϕ†3φ3)(φ
†
3ϕ3)−
1
2(N + 1)
(ϕ†3ϕ3)(φ
†
3φ3)
)]
, (4.46)
while (4.38) directly gives the reduced density matrix as
ρ(ϕ, φ) =
γ4
6N(N + 1)(N + 2)(N + 3)
(
pi
γ
)−3N [
(ϕ†3φ3)
2(φ†3ϕ3)
2
+ 4(ϕ†3φ3)(φ
†
3ϕ3)(ϕ
†
3ϕ3)(φ
†
3φ3) + (ϕ
†
3ϕ3)
2(φ†3φ3)
2
]
. (4.47)
A comparison of these with the formula (4.43) yields
p1 =
1
6
(N + 2)(N + 3)
N(N + 1)
, pN2−1 =
2
3
(N − 1)(N + 3)
N(N + 2)
, (4.48)
p1
4
N2(N−1)(N+3) =
1
6
N(N − 1)
(N + 1)(N + 2)
. (4.49)
8Here we omit the damping factor
∏3
i=1 e
− γ2 (ϕ†iϕi+φ†iφi).
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Since these density matrices satisfy the relation
ρR ρR′ =
1
dR
δRR′ρR , (4.50)
the resulting entanglement entropy for this state is given by
SEE = − lim
n→1
∂
∂n
Trρn = − lim
n→1
∑
R
∂
∂n
(
pnR
dn−1R
)
= −
∑
R
pR log pR +
∑
R
pR log dR , (4.51)
where dR is the dimension of the irreducible representation R. Eq. (4.51)
corresponds to eq. (1.4) with the vanishing Bell pair term.
5 Comments on three contributions to the
entanglement entropy in the extended Hilbert
space
We have discussed the entanglement entropy for the 1+1 dimensional non-
Abelian gauge theory on the lattice. In the extended Hilbert space definition,
we have three contributions to the entanglement entropy as (1.4). In this
section, we illustrate these three contributions, by considering the following
three examples: 1) two spins, 2) the Z2 gauge theory on 1d spatial lattice
and 3) the SU(2) gauge theory with the fundamental scalar field on 1d spa-
tial lattice. All of these examples give the same mathematical structure in
the extended Hilbert space definition and result in the same values of entan-
glement entropy; however, the interpretation differs for each cases. These
viewpoints is probably not new for experts, but we think it is still useful to
present it here.
5.1 Two spins
Let us consider two spins, whose Hilbert space is a tensor product of left and
right spins and both of which takes two values (±), which is
H = |±〉left ⊗ |±〉right = {|++〉 , |+−〉 , |−+〉 , |−−〉 }. (5.1)
If we consider following specific state,
|ψ〉 = 1√
2
|++〉+ 1√
2
|−−〉 , (5.2)
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Figure 5: Due to the Gauss’s law constraint, the physical Hilbert space is
2-dimensional for the Z2 pure gauge theory on the 1d spatial lattice. Here ±
represent “electric fluxes”, which label superselection sectors.
clearly this gives entanglement entropy SEE = log 2. This represents the
genuine entanglement since one can extract this by entanglement distillation.
5.2 Z2 pure gauge theory on 1d spatial lattice
Instead of above two spins, let us consider a Z2 pure gauge theory on the
1d spatial lattice. To simplify the argument, we take an extreme situation
that the space is composed of only two links, (12) and (23), with the periodic
boundary condition (vertices 1 and 3 are identical). See Fig. 5. Each link
variable Uij takes ± values and the corresponding basis is denoted by |±〉σ3 ,
which satisfy σˆ3 |±〉σ3 = ± |±〉σ3 , where Pauli σˆ3 is a link operator. The
non-trivial gauge transformation is given by acting σˆ1 on both links (12) and
(23). Here σˆ1 is the electric flux operator. See §2 of [4] for more detail. We
have eigenfunctions of σˆ1,
|±〉σ1 ≡
1√
2
(|+〉σ3 ± |−〉σ3) , (5.3)
where the eigenvalue ± represents the electric flux on the corresponding
link. Therefore, there exist only two independent gauge invariant states in
this setup, which are given by |++〉σ1 or |−−〉σ1 . Note that states such as|+−〉σ1 or |−+〉σ1 are not allowed. It is not gauge invariant due to Gauss’s
law; the electric flux cannot take different values between (12) and (23).
However, in the extended Hilbert space, we allow non-gauge invariant
states, then the Hilbert space becomes
H = {|++〉σ1 , |+−〉σ1 , |−+〉σ1 , |−−〉σ1 }, (5.4)
which gives the same structure as (5.1). Under this setup, let us consider the
following specific state
|ψ〉 = 1√
2
|++〉σ1 +
1√
2
|−−〉σ1 . (5.5)
Clearly the state (5.5) shows the entanglement entropy SEE = log 2 in the
extended Hilbert space definition due to mathematically the same structure
as two spins case. However physical interpretation is different.
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In physical Hilbert space, the two physical states |++〉σ1 and |−−〉σ1 can
not be mixed with each other by any “local” gauge invariant operation9. This
means that |++〉σ1 and |−−〉σ1 belong to different superselection sectors. In
addition, in physical Hilbert space, allowed states are |++〉σ1 and |−−〉σ1
only. Therefore once we fix the superselection sector (either + or −), then
physical Hilbert space shows manifestly a tensor product structure between
inside and outside. Therefore SEE = log 2 is not the “genuine” entangle-
ment entropy, but rather should be interpreted as the distribution entropy
associated with superselection sectors, which is given by
S = −
∑
i
pi log pi with p± =
1
2
(5.6)
where ± represents the electric flux at the boundary. This is a typical exam-
ple of the first contribution in (1.4).
5.3 SU(2) gauge theory with fundamental matter
Let us consider again 1d spatial lattice in Fig. 1, where vertices 1, 2, 3 and
link (71), (12), (23) are “inside” and the rest is “outside”. We consider the
wave function for the excited meson which is given by
Ψ(ϕi, Uij) =
1
N
[
ϕ†3U34ϕ4
]
=
1
N
[
ϕ†inside aϕ
a
outside
]
, (5.7)
where we omit the Gaussian factor for the normalization, but keep explicitly
the color index a = ± in the fundamental representation. We denote ϕ3 =
ϕinside and ϕoutside = U34ϕ4, where link (34) and vertex 4 are both outside.
This is the one we studied in §3. Note that this wave function is gauge-
singlet. We focus on the color degrees of freedom for ϕ†inside and ϕoutside.
Taking a map as
ϕ†inside± 7→ |±〉inside , (5.8a)
ϕ±outside 7→ |±〉outside . (5.8b)
then the meson wave function (5.7) becomes
|ψ〉 = 1√
2
|++〉+ 1√
2
|−−〉 . (5.9)
Mathematical structure is the same as §5.2. In extended Hilbert space,
9For example, if one want to convert |++〉σ1 into |−−〉σ1 by using only local operations,
one must have unphysical |+−〉σ1 or |−+〉σ1 as a intermediate state.
27
'inside 'outside
|+i |+i | i | i
'inside 'outside
+
Figure 6: Due to gauge singlet condition for mesons, Hilbert space for quark-
anti-quark color configuration is 1-dimensional. ± represent color charge.
we include gauge-non-singlet |+−〉 and |−+〉 states and the Hilbert space
becomes
H = {|++〉 , |+−〉 , |−+〉 , |−−〉 }, (5.10)
then we have SEE = log 2 for the entanglement entropy. However physics is
different again; This log 2 is due to the “color” entanglement, which is asso-
ciated with the color singlet meson between inside and outside (anti)quarks.
Note that here we have only one superselection sector, the fundamental rep-
resentation at the boundary. Thus the first contribution of (1.4) vanishes.
In this way, one obtain color entanglement associated with all the boundary
with the dimension of color representation as
S =
∑
i
log di (5.11)
in each superselection sector, where i represents all boundary vertex and di
is the dimension of the color representation.
Note that since gauge singlet condition prohibits the color configuration
|+−〉 and |−+〉, one cannot destroy the color entanglement by LOCC. This
implies that one cannot extract the entanglement by the distillation, just as
the same as superselection sector prohibits |+−〉σ1 and |−+〉σ1 in §5.2 and
one cannot extract the entanglement by the distillation in that case.
- Summary - We calculate the entanglement entropy for a specific state
in three cases. For all cases, the extended Hilbert space is constructed as a
tensor product of 2-valued (±) degrees of freedom at inside (left side) and
outside (right side), giving the same structure (5.1), (5.4) and (5.10). Thus
the states (5.2), (5.5), and (5.9) automatically give the same entanglement
entropy log 2. However the interpretations for the results are different.
In the two spin model, there is no constraint in the system, i.e. the ex-
tended Hilbert space is just the physical Hilbert space itself. In other words,
there is no extension of the Hilbert space. Then we can interpret the en-
tanglement entropy as just the number of Bell pairs, the 3rd contribution in
(1.4).
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In the Z2 pure gauge theory case, the states |++〉σ1 and |−−〉σ1 are sepa-
rated by the gauge constraint, i.e. these two belong to different superselection
sector. Then the entanglement entropy just originates from the probability
distribution for the each sector, becoming the Shannon entropy, the 1st con-
tribution in (1.4).
In the SU(2) gauge theory case, although |++〉σ1 and |−−〉σ1 belong to the
same superselection sector (fundamental representation at the boundary), the
color degrees of freedom ± is not observable. Since the entanglement entropy
here is associated with color, it should be non-extractable, and it corresponds
to the 2nd contribution in (1.4).
Lesson from the second and third examples is that there appears the en-
tanglement which can not be extracted by local operations when we consider
entanglement in gauge theories. This is because gauge theories prohibit the
local operations which break the gauge invariance.
6 Transfer matrix and hopping parameter ex-
pansion
In the previous sections, we consider the entanglement entropy for various
states, which are chosen by hand, in order to demonstrate how the first and
the second contributions in (1.4) appear in the 1+1 lattice gauge theories
with scalar fields. Our next task is to calculate the entanglement entropy
for the grand state of the 1+1 dimensional SU(N) gauge theories with the
fundamental scalar field on the lattice. We are particularly interested in how
the genuine entanglement, i.e., the third contribution in (1.4) shows up in
this theory. In this section, we give several definitions and formula useful for
this purpose. The calculation of the entanglement entropy will be given in
the next section.
6.1 Lattice action and Transfer matrix
Actions for gauge field and fundamental scalar field on the 2-d lattice are
denoted as
S = SG + SM . (6.1)
Explicitly the pure gauge action SG is given by
SG = β
∑
~n
tr
(
UP,~n(F ) + U
†
P,~n(F )− 2
)
, β ≡ 1
g2YMa
2
, (6.2)
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where the plaquette UP,~n(F ) is defined as a minimal closed loop in the 2-
dimensional (Euclidean) space-time as
UP,~n = U~n,0U~n+0ˆ,1U
†
~n+1ˆ,0
U †
~n,1ˆ
, (6.3)
F stands for the fundamental representation, i.e., U(F ) is an N ×N unitary
matrix for G = SU(N), µˆ is the unit vector in the µ direction (µ = 0, 1
represent Euclidean time direction and space direction, respectively), gYM
is the bare gauge coupling constant and a is the lattice spacing. The gauge
invariant action for the fundamental scalar field is given by
SM = a
2
∑
~n
ϕ†~n
(∇2 −m2)ϕ~n , (6.4)
a2∇2ϕ~n =
∑
µ=0,1
{
U~n,µ(F )ϕ~n+µˆ + U
†
~n−µˆ,µ(F )ϕ~n−µˆ − 2ϕ~n
}
, (6.5)
where m is the mass of the scalar field.
The entanglement entropy for the grand state of the theory is often calcu-
lated in the path integral formalism using the replica method. In this paper,
however, in order to distinguish all three contributions in (1.4), we employ
the operator formalism, as in the previous case for the pure gauge theories
[14], where the transfer matrix and its eigenstates (instead of the Hamilto-
nian) were used to calculate the entanglement entropy. The transfer matrix
Tˆ is defined to generate the time translation by one (temporal) lattice unit
[18, 19] and thus is symbolically denoted as
Tˆ (at, a) ≡ e−atHL(at,a) . (6.6)
where at (a) is the lattice spacing in the temporal (spatial) direction and
HL(at, a) is the lattice “Hamiltonian” for the discrete time. In the at → 0
limit while keeping the spatial lattice spacing a non-zero, we recover the
lattice Hamiltonian (1.5) for the continuous time as
H = lim
at→0
HL(at, a) = − lim
at→0
1
at
log Tˆ (at, a) . (6.7)
Although eigenvalues and eigenstates are different between H and Tˆ at non-
zero at, they agree in the continuum limit that (at, a)→ (0, 0). In particular,
the eigenstate for the largest eigenvalue of Tˆ corresponds to the ground state
of the theory at at = a 6= 0 in one to one, and it approaches to the ground
state of the continuum theory as a → 0. Hereafter we simply write Tˆ =
Tˆ (a, a).
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To derive the transfer matrix from the path integral with the given action
(6.1), we first take the temporal gauge U~n,0 = 1 for
∀~n, and then define Tˆ as
〈Ψout|(Tˆ )Nt|Ψin〉 =
∫ ΨNt=Ψout
Ψ0=Ψin
Nt−1∏
n0=1
DΨn0 eSG+SM , (6.8)
where Ψn0 = {Un0 , ϕn0} represents the gauge field Un0 = {U~n,1} and the
scalar fields ϕn0 = {ϕ~n} at a give time slice n0, and we fix them to Ψin at
n0 = 0 and Ψout at n0 = Nt.
We next rewrite the left-hand side of (6.8) as∫ ΨNt=Ψout
Ψ0=Ψin
Nt−1∏
n0=1
DΨn0
Nt−1∏
n0=0
〈Ψn0+1|Tˆ |Ψn0〉, (6.9)
which must be equal to the right-hand side.
We thus obtain
〈ΨA|Tˆ |ΨB〉 ≡ T (ΨA,ΨB) = T0(ΨA)cGTG(UA, UB)TM(ϕA, ϕB)T0(ΨB),
(6.10)
where
T0(Ψ) =
Nl−1∏
n=0
exp
[
1
2
{
ϕ†nUnϕn+1 + ϕ
†
n+1U
†
nϕn − (m2a2 + 2)ϕ†nϕ~n
}]
,
(6.11)
cGTG(U, V ) =
Nl−1∏
n=0
exp
{
β tr
(
UnV
†
n + VnU
†
n − 2
)}
, (6.12)
TM(ϕ, φ) =
Nl−1∏
n=0
exp
[
φ†nϕn + ϕ
†
nφn
]
, (6.13)
with the periodic BC in space that UNl = U0, VNl = V0 and ϕNl = ϕ0,
φNl = φ0, where n represents the 1-dimensional spatial lattice point, we
suppress an index for the direction µ = 1 of Un,1 and Vn,1 is omitted for
simplicity, and cG is a normalization factor such that the largest eigenvalue
of TG is one (see (6.16)).
Note that the expression of Tˆ which satisfies (6.8) is not unique. Instead
of (6.10), the asymmetric choice,
〈ΨA|Tˆ |ΨB〉 = cGTG(UA, UB)TM(ϕA, ϕB)T 20 (ΨB) , (6.14)
also satisfies it, and thus can be used equally well. We use (6.14) rather than
(6.10) for our convenience.
31
6.2 Character expansion
In Ref. [14], the character expansion is applied to the pure gauge part of the
transfer matrix TG as
cGTG(U, V ) =
Nl−1∏
n=0
∑
R
dRλR(β)χR(UnV
†
n ) (6.15)
= λNl1 (β)
Nl−1∏
n=0
{
1 +
∑
R6=1
dR
λR(β)
λ1(β)
χR(UnV
†
n )
}
(6.16)
where χR(U) = trU(R) is a character for the irreducible representation R
with its dimension dR = χR(1), and R = 1 denotes the trivial representation,
and cG = λ
Nl
1 (β). The expansion coefficient is given by
λR(β) ≡ 1
dR
∫
dUχR(U) exp
[
βχF
(
U + U † − 2)] , (6.17)
which satisfies
0 ≤ λR(β)
λ1(β)
≤ 1 , lim
β→∞
λR(β)
λ1(β)
= 1 . (6.18)
Note that χR(U
†) = χR¯(U) and λR(β) = λR¯(β). We take cG = λ
Nl
1 (β) for
the normalization.
There are several useful formula for the group integral as follows.∫
[dU ]χR(AU)χR′(U
†B) =
1
dR
δRR′χ(AB) , (6.19)∫
[dU ]χR(AUBU
†) =
1
dR
χR(A)χR(B) , (6.20)
∫
[dU ]χR(AUBU
†)χR(CUDU †)
=
1
d2R − 1
[
χR(A)χR(C)χR(B)χR(D) + χR(AC)χR(BD)
− 1
dR
{
χR(A)χR(C)χR(BD) + χR(AC)χR(B)χR(D)
}]
, (6.21)∫
[dU ]χR(AUBU
†CUDU †)
=
1
d2R − 1
[
χR(AC)χR(B)χR(D) + χR(A)χR(C)χR(BD)
− 1
dR
{
χR(AC)χR(BD) + χR(A)χR(C)χR(B)χR(D)
}]
. (6.22)
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6.3 Hopping parameter expansion (HPE)
We rescale Tˆ → cGTˆ so that cG does not appear any more. We also rescale
scalar fields as ϕn →
√
Kϕn and φn →
√
Kφn with the hopping parameter
K = 1/(m2a2 + 2), so that T 20 and TM becomes
T 20 (Ψ) =
Nl−1∏
n=0
exp
[
−ϕ†nϕn +K
{
ϕ†nUnϕn+1 + ϕ
†
n+1U
†
nϕn
}]
,(6.23)
TM(ϕ, φ) =
Nl−1∏
n=0
exp
[
K
(
ϕnφ
†
n + ϕ
†
nφn
)]
. (6.24)
Assuming that K is small, we can expand the transfer matrix around K =
0, which is called the hopping parameter expansion (HPE) [20, 21]. In this
case, the Feynman rule for the scalar field is given by
〈(ϕ†n)aϕbm〉 = δnmδba, 〈φanφbm〉 = 〈(φ†n)a(φ†m)b〉 = 0 , (6.25)
〈(ϕ†na)aϕbnb(ϕ†nc)cϕdnd〉 = δbaδdcδna,nbδnc,nd + δdaδbcδna,ndδnc,nb . (6.26)
We define states as
〈ΦB|n,m〉 = φ†nVn→mφm, Vn→m ≡ VnVn+1 · · ·Vm−1 (6.27)
〈ΦB|0〉 = 1. (6.28)
We then calculate Tˆ |0〉 up to the order K4 and Tˆ |n,m〉 up to the order
K3, which are given below.
T |0〉 =
(
1 +K2NNl +
3
2
K4NNl +
1
2
K4N2N2l
)
|0〉
+
∑
n
(K2 + 2K4 +K4NNl)|n, n〉
+
1
2
K4
∑
n
|n, n〉 |n, n〉+K4
∑
n6=m
|n, n〉 |m,m〉
+
∑
n
K3
(
λF
λ1
)
{|n, n+ 1〉+ |n, n− 1〉}
+
∑
n
K4
(
λF
λ1
)2
{|n, n+ 2〉+ |n, n− 2〉} , (6.29)
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T |n, n〉 = N{1 + 2K2(N + 1) +K2N(Nl − 2)}|0〉+K2 |n, n〉
+K2N
∑
m
|m,m〉
+K3
(
λF
λ1
)(
|n, n+ 1〉+ |n+ 1, n〉
+ |n, n− 1〉+ |n− 1, n〉
)
+K3N
(
λF
λ1
)∑
m
(
|m,m+ 1〉+ |m+ 1,m〉
)
, (6.30)
T |n, n+ 1〉 = NK {1 + 4(N + 1)K2 +N(Nl − 3)K2} |0〉
+K2
(
λF
λ1
)
|n, n+ 1〉
+K3
(
λF
λ1
)2
{|n, n+ 2〉+ |n− 1, n+ 1〉}
+K3 {|n, n〉+ |n+ 1, n+ 1〉}
+K3N
∑
m
|m,m〉 , (6.31)
T |n, n− 1〉 = NK {1 + 4(N + 1)K2 +N(Nl − 3)K2} |0〉
+K2
(
λF
λ1
)
|n, n− 1〉
+K3
(
λF
λ1
)2
{|n, n− 2〉+ |n+ 1, n− 1〉}
+K3 {|n, n〉+ |n− 1, n− 1〉}
+K3N
∑
m
|m,m〉 , (6.32)
T |n, n+ 2〉 = NK2|0〉+K2
(
λF
λ1
)2
|n, n+ 2〉
+K3
(
λF
λ1
)3
{|n, n+ 3〉+ |n− 1, n+ 2〉}
+K3
(
λF
λ1
)
{|n, n+ 1〉+ |n+ 1, n+ 2〉} , (6.33)
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T |n, n− 2〉 = NK2|0〉+K2
(
λF
λ1
)2
|n, n− 2〉
+K3
(
λF
λ1
)3
{|n, n− 3〉+ |n+ 1, n− 2〉}
+K3
(
λF
λ1
)
{|n, n− 1〉+ |n− 1, n− 2〉} , (6.34)
T |n, n+ 3〉 = NK3|0〉+K2
(
λF
λ1
)3
|n, n+ 3〉
+K3
(
λF
λ1
)4
{|n, n+ 4〉+ |n− 1, n+ 3〉}
+K3
(
λF
λ1
)2
{|n, n+ 2〉+ |n+ 1, n+ 3〉} , (6.35)
T |n, n− 3〉 = NK3|0〉+K2
(
λF
λ1
)3
|n, n− 3〉
+K3
(
λF
λ1
)4
{|n, n− 4〉+ |n+ 1, n− 3〉}
+K3
(
λF
λ1
)2
{|n, n− 2〉+ |n− 1, n− 3〉} , (6.36)
T |n, n+ l〉 = K2
(
λF
λ1
)l
|n, n+ l〉
+K3
(
λF
λ1
)l+1
{|n, n+ l + 1〉+ |n− 1, n+ l〉}
+K3
(
λF
λ1
)l−1
{|n, n+ l − 1〉+ |n+ 1, n+ l〉} ,
(for l > 3) (6.37)
T |n, n− l〉 = K2
(
λF
λ1
)l
|n, n− l〉
+K3
(
λF
λ1
)l+1
{|n, n− l − 1〉+ |n+ 1, n− l〉}
+K3
(
λF
λ1
)l−1
{|n, n− l + 1〉+ |n− 1, n− l〉} ,
(for l > 3) .(6.38)
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There are mixings among states, therefore we have to diagonalize them. Up
to the K2 order, the states |n, n+l〉 and |n, n− l〉 for l ≥ 3 are the eigenstates
for the transfer matrix, since
T |n, n± l〉 = K2
(
λF
λ1
)l
|n, n± l〉, (for l ≥ 3). (6.39)
Thus at this order, all we have to do is to diagonalize the mixing among
|0〉, |n, n〉, |n, n± 1〉, and |n, n± 2〉 states.
7 Entanglement entropy for the ground state
by the HPE
7.1 Taking into higher order corrections in K
In §2 and 3, we have seen that a single Wilson loop or a single meson state
holds nonzero entanglement entropy due to the second term of (1.4), which is
associated with the color entanglement. In §4, we discussed multiple meson
states, whose fluxes connect quarks-antiquarks through the boundary. In this
case, by decomposing the wave function into irreducible representations, we
obtain multiple superselection sectors, and as a result, nonzero entanglement
entropy associated with the first term (the classical Shannon entropy for
the probability distribution of each irreducible representation) as well as the
second term (the color entanglement part) of (1.4) appear. We have shown
these explicit examples, in order to illustrate how we obtain these non-Bell
terms in the entanglement entropy in the extended Hilbert space definition.
One might wonder whether the Bell pair part of the entanglement, third
term of (1.4), never appears in 2-dimensional gauge theory. In the pure gauge
theory, we cannot have any Bell pairs due to the absence of local degrees
of freedom [14]. In gauge theories with matter fields, of course, we can
always prepare an appropriate linear combination of meson states by hand,
which produces the Bell pair part in (1.4). Our main interest/concern here,
however, is how the ground state of the gauge theory (the strong coupling
ground state) acquires entanglements including Bell pairs from matter fields,
and how entanglements for the ground state of the continuum gauge theory
can be understood in terms of the lattice ground state.
In the 2-dimensional gauge theory without matter fields, which corresponds
to the leading order of the HPE (K = 0), the ground state can be calculated
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exactly at an arbitrary coupling without strong coupling expansion,10 and
it is written by the tensor product of a trivial state on each link satisfying
Jˆ2ij |0〉ij = 0 as
|0〉strong =
⊗
ij
|0〉ij . (7.1)
Thus the entanglement entropy of the strong coupling ground state |0〉strong
vanishes at K = 0.11
Therefore, in this section, we study how the higher order in K of the HPE
makes the strong coupling ground state entangled, and which part of (1.4)
appears. We will show the following properties.
• The strong coupling ground state has no entanglement up to order K2
in HPE (§7.2).
• The first term (the Shannon part for the superselection sector distri-
bution) and the second term (the color entanglement part) first appear
at the order K3 for the ground state (§7.3).
• The third term (the Bell pair part) first appears at the order K6 for
the ground state (§7.5).
Since all these contributions are positive definite order by order in the HPE,
they never cancel each other. Therefore, the above observations imply that
the 2-dimensional Yang-Mills theory with matter fields keeps all three types
of entanglements in (1.4) in the continuum limit.
From now on, we simply denote the strong coupling ground state |0〉strong
as |0〉.
7.2 Eigenstates and eigenvalues of Tˆ up to O(K2)
We first consider contributions at O(K2), and diagonalize the transfer matrix
Tˆ . At this order, the generic state |Ψ〉K which mixes with the strong coupling
10In 2-dimensions, there is no plaquette term (i.e., magnetic field), therefore its Hamil-
tonian has a similar structure to the strong coupling limit of higher dimensional ones.
11This state corresponds to the wave function χ1(U), while the wave function χR(U)
with R 6= 1 describes an excited state, which yields nonzero entanglement entropy as
(2.9).
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ground state |0〉 can be expressed as
|Ψ〉K ≡ f0 |0〉+
∑
n
an |n, n〉+
∑
n
bn |n, n+ 1〉+
∑
n
cn |n, n− 1〉
+
∑
n
dn |n, n+ 2〉+
∑
n
en |n, n− 2〉 . (7.2)
We thus determine the K dependent coefficients an, bn, cn, dn, en, and f0 in
such a way that
Tˆ |Ψ〉K ∝ |Ψ〉K (7.3)
is satisfied. As long as the HPE converges, the ground state in the HPE must
contain |0〉, so that we will consider the state with f0 6= 0. We can set f0 ≡ 1
without loss of generality, and we denote it as
|G+〉K ≡ |0〉+
∑
n
an |n, n〉+
∑
n
bn |n, n+ 1〉+
∑
n
cn |n, n− 1〉
+
∑
n
dn |n, n+ 2〉+
∑
n
en |n, n− 2〉 . (7.4)
At the O(K2), using the transfer matrix Tˆ given in §6.3, the ground state
is given by
|G+〉K = |0〉+
∑
n
a+n |n, n〉 , where a+n =
K2
G+K − (1 +NN`)K2
, (7.5)
G+K =
1
2
{1 +K2(1 + 2NN`)}
+
1
2
√
1− 2(1− 2NN`)K2 + {1 + 4N(NN` + 2)N`}K4. (7.6)
The complete list of all other eigenstates and eigenvalues at this order are
given in the appendix E.
In the K → 0 limit, this state |G+〉K has a maximum eigenvalue of the
transfer matrix, G+K = 1, which corresponds to “zero energy”, since the
transfer matrix is related to the “Hamiltonian” as T ≈ e−aH . We therefore
identify this state as the ground state at O(K2), which is composed of the
strong coupling ground state |0〉 and lattice point-like exited meson states
|n, n〉. It is thus clear that this state does not have any entanglement. More
precisely, we can write this ground state as a product state as
|G+〉K =
(
|0〉in +K2
∑
in
|n, n〉
)(
|0〉out +K2
∑
out
|n, n〉
)
+O(K3). (7.7)
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This means that there is no correlation between inside and outside and thus
no entanglement at this order.
On the other hand, the vacuum state |0〉cont. in the continuum gauge theory
is expected to have non-zero entanglement. So there still remains a quali-
tative difference (whether it is entangled or not) between the ground state
|G+〉K at O(K2) and the continuum ground state |0〉cont.. This indicates we
need higher order of the HPE than K2. Indeed, since the vacuum state in
the continuum theory is realized in the continuum limit as
lim
K→1/2,
β→∞
|G+〉K → |0〉cont. , (7.8)
where K = (2 + (ma)2)
−1 → 1/2 and β = (g2YMa2)−1 → ∞ as a → 0 for
finite mass m and coupling gYM, the higher order terms in the HPE become
more and more important as we approach the continuum limit. Note that
our calculations include all order of the gauge coupling constant at each order
of the HPE. What we will see next is that once we take into account higher
order corrections, |G+〉K contains various contributions of the entanglement
in (1.4).
7.3 Entanglement appear at O(K3) corrections
As a next step, we check how K3 order effects modify the properties of |G+〉K .
At the order K3, |G+〉K becomes
|G+〉K = |0〉+K2
∑
n
|n, n〉+K3λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉) +O(K4).
(7.9)
We therefore see that the O(K3) contributions (quark-antiquark pairs sep-
arated with unit length) give the entanglement, once we divide the system
into inside and outside.
Before we will see that the first and the second terms of (1.4) for the
entanglement entropy becomes nonzero at this order, let us first explain how
we obtain the above result. The eigenvalue equation is given by
Tˆ |G+〉K = G+K |G+〉K , (7.10)
which must be solved order by order. Expanding Tˆ , |G+〉K , and G+K in power
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series of K, and using the resuts at O(K2) in (7.5) and (7.6), we have
Tˆ = Tˆ0 +K
1Tˆ1 +K
2Tˆ2 +K
3Tˆ3 +O(K4) , (7.11)
|G+〉K = |G+0 〉+K1 |G+1 〉+K2 |G+2 〉+K3 |G+3 〉+O(K4)
= |0〉+ 0 +K2
∑
n
|n, n〉+K3 |G+3 〉+O(K4) , (7.12)
G+K = G
+
0 +K
1G+1 +K
2G+2 +K
3G+3 +O(K4)
= 1 + 0 +K22NN` +K
3G+3 +O(K4) , (7.13)
and solve the equations at each order in K.
Since (7.5) and (7.6) satisfy eigenvalue equation (7.10) up to O(K2), it is
enough to consider only O(K3) terms. Left hand side of (7.10) becomes
K3(Tˆ3 |G+0 〉+ Tˆ2 |G+1 〉+ Tˆ1 |G+2 〉+ Tˆ0 |G+3 〉) . (7.14)
while the right hand side of (7.10) is
K3(G3 |G+0 〉+G2 |G+1 〉+G1 |G+2 〉+G0 |G+3 〉) . (7.15)
We therefore obtain
Tˆ3 |0〉+ Tˆ0 |G+3 〉 = G+3 |0〉+ |G+3 〉 , (7.16)
where we used |G+1 〉 = 0 and G+1 = 0, which are seen from (7.5) and (7.6), and
Tˆ1 = 0 for |n, n〉 from (6.30). Since Tˆ3 |0〉 = λF
λ1
∑
n
(|n, n+ 1〉 + |n, n− 1〉)
from (6.29), the above equation is equivalent to
Tˆ0 |G+3 〉+
λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉) = G+3 |0〉+ |G+3 〉 . (7.17)
By substituting the ansatz that
|G+3 〉 = ω |0〉+
∑
n
αn |n, n〉+
∑
n
βn |n, n+ 1〉+
∑
n
γn |n, n− 1〉 , (7.18)
into (7.17), together with the relation
Tˆ0 |0〉 = |0〉 , Tˆ0 |n, n〉 = N |n, n〉 , (and the rest is zero) (7.19)
from (6.29) - (6.38), we have
ω |0〉+N
∑
n
αn |0〉+ λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉)
= (G+3 + ω) |0〉+
∑
n
αn |n, n〉+
∑
n
βn |n, n+ 1〉+
∑
n
γn |n, n− 1〉 .
(7.20)
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Comparing l.h.s. and r.h.s., we finally obtain,
βn = γn =
λF
λ1
, G+3 = αn = 0 . (7.21)
while ω is an arbitrary constant.
In conclusion, we have obtained the eigenstate at the order of K3 as
|G+〉K = (1 + ωK3) |0〉+K2
∑
n
|n, n〉+K3λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉) +O(K4)
= (1 + ωK3)
[
|0〉+ 1
(1 + ωK3)
{
K2
∑
n
|n, n〉
+K3
λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉) +O(K4)
}]
∝ |0〉+K2
∑
n
|n, n〉+K3λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉) +O(K4),
(7.22)
G+ = 1 + 2NN`K
2 +O(K4) . (7.23)
This exactly gives eq. (7.9).
At this order, the ground state includes terms such as |i, i+ 1〉 and |i+ 1, i〉,
where i-th vertex is located in the inside and (i + 1)-th vertex is located in
the outside. Thus there appears the non-trivial electric flux penetrating the
boundary, so that we have a nontrivial superselection sector distribution.
Namely, the term |i, i+ 1〉 (|i+ 1, i〉) belongs to a (anti-)fundamental sector,
wheres the other terms to a singlet sector. Then the state makes the non-zero
entanglement entropy corresponding to the first and second terms in (1.4).
We can confirm that there is no Bell pairs at this order by investigating
each superselection sector. For simplicity, we here assume that there is only
one boundary between i-th inner vertex and (i+ 1)-th outer vertex with the
outer link variable Ui,i+1.
The singlet sector for the ground state still shows the tensor product struc-
ture,
|G+〉K
∣∣
singlet
=
(
|0〉in +K2
∑
in
|n, n〉+K3λF
λ1
∑
in
(|n, n+ 1〉+ |n, n− 1〉)
)
⊗
(
|0〉out +K2
∑
out
|n, n〉+K3λF
λ1
∑
out
(|n, n+ 1〉+ |n, n− 1〉)
)
+O(K4). (7.24)
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Thus the singlet sector is not entangled at all.
Next let us focus on the fundamental sector (the discussion for the anti-
fundamental sector is almost same). In this sector the state is simply |i, i+ 1〉
up to its normalization. If we explicitly denote the color degree of freedom
a(= 1, 2, . . . N), the state can be represented as
|G+〉K
∣∣
fundamental
∝K3λF
λ1
|i, i+ 1〉+O(K4)
=K3
λF
λ1
∑
a
(|i, bdy〉a in ⊗ |bdy, i+ 1〉aout) +O(K4),
(7.25)
where |i, bdy〉a corresponds to a quark at i-th vertex with flux going to out-
side area, and |bdy, i+ 1〉a to the similar object. (As the wave function, these
objects are represented as (ϕ†i )a and (Ui,i+1ϕi+1)
a, respectively.) Clearly the
state gives the entanglement entropy logN originating entirely from the color
degree of freedom. For each color, the state shows the tensor product struc-
ture, indicating the absence of Bell pairs.
Before closing this subsection, we calculate the entanglement entropy for
this ground state, which is given by
|G+〉K = |G+〉K
∣∣
singlet
+ |G+〉K
∣∣
fundamental
+ |G+〉K
∣∣
anti-fundamental
, (7.26)
up to O(K4), where the state in the singlet sector |G+〉K |singlet is given
by eq. (7.24) while the one in the fundamental sector |G+〉K |fundamental by
eq. (7.25). The corresponding reduced density matrix ρred. becomes
ρred. = p1ρ1 + pFρF + pF¯ρF¯ , (7.27)
where
p1 =
|Nin|2|Nout|2
|N |2 , pF = pF¯ =
c2FN
|N |2 , (7.28)
ρ1 =
1
|Nin|2 in|1〉 〈1|in , ρF =
1
N
in|F〉 〈F|in , ρF¯ =
1
N
in|F¯〉 〈F¯|in ,(7.29)
with
|Nin/out|2 = (1 +K2NNin/out)2 +K4NNin/out + 2c2FN(Nin/out − 1) , (7.30)
|N |2 = |Nin|2|Nout|2 + 2c2FN , cF ≡ K3
λF
λ1
, (7.31)
|1〉in = |0〉in +K2
∑
in
|n, n〉+ cF
∑
in
(|n, n+ 1〉+ |n+ 1, n〉) , (7.32)
|F〉in =
∑
a
|i, bdy〉a in , |F¯〉in =
∑
a¯
|bdy, i〉a¯in . (7.33)
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Here Nin(out) is a number of sites in the inside (outside) region, thus Nl =
Nin + Nout, and |N |2 and |Nin/out|2 are defined as |N |2 = K〈G+|G+〉K ,
|Nin/out|2 = in/out〈1|1〉in/out. It is easy to see
ρ21 = ρ1 , ρ
2
F =
1
N
ρF , ρ
2
F¯ =
1
N
ρF¯ . (7.34)
The total entanglement entropy SEE for this state is given by
SEE =
∑
R=1,F,F¯
{−pR log pR + pR log dR} , (7.35)
where d1 = 1, dF = dF¯ = N .
7.4 O(K4) and O(K5) corrections
By almost the same way as the previous subsection, we obtain O(K4) cor-
rection to the state |G+〉K and eigenvalue G+ as
|G+〉K = |0〉+K2
∑
n
|n, n〉+K3λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉)
+K4
(
3
∑
n
|n, n〉+ 2
∑
n
|n, n〉 |n, n〉+
∑
n 6=m
|n, n〉 |m,m〉
+
(
λF
λ1
)2∑
n
(|n, n+ 2〉+ |n, n− 2〉)
)
+O(K5) , (7.36)
G+ = 1 + 2NN`K
2
+
(
7 + 2
λF
λ1
+ 2NNl
)
NNlK
4 +O(K5) , (7.37)
again having three sectors (singlet, fundamental, and anti-fundamental).
This is obtained from the equation (7.10) at order K4 as follows. Using
expansions (7.11), (7.12) and (7.13) at order K4, we obtain
Tˆ4 |0〉+ Tˆ2
∑
n
|n, n〉+ Tˆ1λF
λ1
∑
n
(|n, n+ 1〉+ |n, n− 1〉) + Tˆ0 |G+4 〉
= G+4 |0〉+ 2NNl
∑
n
|n, n〉+ |G+4 〉 . (7.38)
A comparison between the l.h.s and r.h.s. in (7.38), together with the formula
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(6.29) and the ansatz
|G+4 〉 = ω |0〉+
∑
n
αn |n, n〉+
∑
n
αn,n |n, n〉 |n, n〉+
∑
n6=m
αn,m |n, n〉 |m,m〉
+
∑
n
βn |n, n+ 1〉+
∑
n
γn |n, n− 1〉
+
∑
n
δn |n, n+ 2〉+
∑
n
εn |n, n− 2〉 , (7.39)
gives
δn = εn =
(
λF
λ1
)2
, βn = γn = 0 , (7.40)
αn,m = 1 (for n 6= m) , αn,n = 1
2
, αn = 3 , (7.41)
G+4 =
(
7 + 2
λF
λ1
+ 2NNl
)
NNl . (7.42)
These lead to results (7.36) and (7.37).
Let us consider whether the ground state wave function (7.36) at O(K4) in
the HPE contains the Bell pair part of the entanglement entropy (1.4). To
see this, we examine singlet sector and (anti-)fundamental sector separately.
Again we assume a single boundary between the i-th inner vertex and the
(i+ 1)-th outer vertex.
We first analyze the singlet sector in the following way. If we assume
that the Bell pair part is absent, we immediately notice that the term
|n, n〉in |m,m〉out, where the n-th vertex is in the inside and the m-th ver-
tex is in the outside, must appear in the ground state as
|G+〉K
∣∣
singlet
⊃ c4K4 |n, n〉in |m,m〉out (7.43)
with the coefficient c4 = 1, which is determined from the result at the lower
order given in (7.24), since such a term must be a part of the tensor product
of inside-only excited states and outside-only excited states. Inversely, if
c4 6= 1, such a state can not be written as a tensor product state given in
(7.24). The result (7.41) indeed shows c4 = 1 for our wave function (7.36) at
O(K4). Therefore no Bell pair part appears in this sector.
In the higher orders, we can employ the similar analysis. With the assump-
tion on the tensor product structure, we can predict coefficients of new terms
at the higher order from results at lower orders. At O(K5), for instance, the
term |n, n〉 |m,m〉 cannot exist since there is no corresponding inside-only
or outside-only excited terms at lower orders. Indeed we cannot construct
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|n, n〉 |m,m〉 states from |0〉 by the O(K5) part of Tˆ , since we need at least
O(K6) terms, which consist of two “U”-shaped contributions.12
The (anti-)fundamental sector at K4 order has almost the same structure
as the K3 order case, where only difference is the distance of (anti-)quark
from the boundary. As is the case of O(K3), we can explicitly represent the
state as
|G+〉K
∣∣
fundamental
∝K3λF
λ1
|i, i+ 1〉+K4
(
λF
λ1
)2
(|i, i+ 2〉+ |i− 1, i+ 1〉)
+O(K5)
=K3
λF
λ1
∑
a
(|i, bdy〉a in ⊗ |bdy, i+ 1〉aout)
+K4
(
λF
λ1
)2∑
a′
(
|i, bdy〉a′ in ⊗ |bdy, i+ 2〉a
′
out
)
+K4
(
λF
λ1
)2∑
a′′
(
|i− 1, bdy〉a′′ in ⊗ |bdy, i〉a
′′
out
)
+O(K5)
=K3
λF
λ1
∑
a
(
|i, bdy〉a +K
λF
λ1
|i− 1, bdy〉a
)
in
⊗
(
|bdy, i+ 1〉a +KλF
λ1
|bdy, i+ 2〉a
)
out
+O(K5),
(7.44)
again without producing any Bell pairs.
We can apply the similar analysis to the O(K5) case, and get the tensor
product structure. With the fact that there appears no new superselection
sector at O(K5),13 we thus conclude that there is no Bell pair at this order.
In the next subsection we will see that once we take into account O(K6)
corrections, the ground state can not be written as a tensor product state
predicted from lower order results. As a consequence, we obtain the Bell pair
part at O(K6).
7.5 Bell pair appears at O(K6) corrections
To show that the Bell pair part appears in the ground state at O(K6), we
perform the same analysis.
12Each “U”-shape is O(K3), see appendix D for details.
13At the O(K6), a new adjoint sector appears.
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Suppose again that the i-th vertex is located in the inside while the (i+1)-
th vertex is in the outside. We focus on the singlet sector of the ground state,
and we thus look at the coefficient c6, which is associated with the term at
O(K6) as
|G+〉K
∣∣
singlet
⊃ c6K6 |i, i〉in |i+ 1, i+ 1〉out . (7.45)
As was discussed in the previous subsection, if there is no Bell pair, |G+〉K |singlet
must be the tensor product of the inside-only excited state and the outside-
only excited state, and vice versa. Then, the term |i, i〉in |i+ 1, i+ 1〉out must
come from the product of |i, i〉in and |i+ 1, i+ 1〉out at lower order in the
HPE. Eq. (7.36) and the absence of terms such as |i, i〉in or |i+ 1, i+ 1〉out
at O(K5) imply that the c6 term at O(K6) in (7.45) must be obtained from
lower orders as[
|0〉in +K2 |i, i〉in + 3K4 |i, i〉in +O(K6)
]
in
⊗
[
|0〉out +K2 |i+ 1, i+ 1〉out + 3K4 |i+ 1, i+ 1〉out +O(K6)
]
out
⊃K2 |i, i〉in ⊗ 3K4 |i+ 1, i+ 1〉out + 3K4 |i, i〉in ⊗K2 |i+ 1, i+ 1〉out
= 6K6 |i, i〉in |i+ 1, i+ 1〉out , (7.46)
which gives c6 = 6. Inversely if c6 6= 6, which is the case we will see, there
are Bell pairs in this ground state.
To calculate c6, we consider the corresponding terms in the eigenstate equa-
tion,
Tˆ |G+〉K = G+K |G+〉K . (7.47)
Since at least the forth order part of the transfer matrix in the HPE is
needed to generate the |i, i〉 |i+ 1, i+ 1〉 state in the future time, together
with |G+1 〉 = 0, the relevant part of the left hand side can be calculated as(
Tˆ6 |G+0 〉+ Tˆ4 |G+2 〉
)∣∣∣
K6,|i,i〉|i+1,i+1〉
=
(
Tˆ6 |0〉+ Tˆ4
∑
n
|n, n〉
)∣∣∣∣∣
K6,|i,i〉|i+1,i+1〉
= 6 + 2NNl +
1
N
. (7.48)
See §D.3.2 for the explicit calculation to derive this result.
On the other hand, since |i, i〉 |i+ 1, i+ 1〉 term appears only at Kn (n ≥ 4)
order and G+1 = 0, the right hand side is evaluated as(
G+0 |G+6 〉+G+2 |G+4 〉
)∣∣
K6,|i,i〉|i+1,i+1〉 = 1× c6 + 2NNl × 1 = c6 + 2NNl.
(7.49)
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Thus eq. (7.47) leads to
c6 = 6 +
1
N
⇒ c6 6= 6 . (7.50)
We therefore conclude that there is the Bell pair part of the entanglement
entropy in the singlet sector for the ground state.
Finally, we estimate the Bell pair part of the entanglement on the singlet
sector at K6 order. Since the ground state |G+〉K in eq. (7.36) has the
following structure
|G+〉K
∣∣
Non-singlet
= O(K3) , (7.51)
the probability distribution p1 for the singlet sector (k = 1) and pk 6=1 for the
non-singlet sector (k 6= 1) are given by
p1 = 1 +O(K6) , pk 6=1 = O(K6) . (7.52)
Therefore, the Bell pair part, the third term of (1.4), is estimated in the HPE
as
SBellEE ≡ −
∑
k
pkTrHˆkinρ
k
in log ρ
k
in = −TrHˆ1inρ
1
in log ρ
1
in +O(K6) , (7.53)
In fact one can explicitly show that for the ground state wave function up
to O(K6), the Bell pair part of the entanglement appears only from the
singlet sector. Therefore we here focus on the singlet sector of the ground
state |G+〉K and evaluate the leading contribution of the Bell pair part in
the HPE.
As discussed, the singlet sector of the ground state has the following struc-
ture.
|G+〉K
∣∣
singlet
= |Ψ〉in⊗|Ψ〉out +
K6
N
|i, i〉in⊗|i+ 1, i+ 1〉out +O(K7) , (7.54)
Here |Ψ〉in⊗ |Ψ〉out corresponds to the l.h.s. of (7.46) if we focus only on the
i-th and i+ 1-th vertices. In addition, |Ψ〉in and |Ψ〉out of course contain also
purely inside only and outside only excitations, respectively. In particular,
|Ψ〉in/out becomes |0〉in/out at K = 0 as we have seen in previous section. Since
the first term of (7.54) has a tensor product structure, the second term is
crucial to generate the Bell pair part of the entanglement.
From (7.54), we can obtain the reduced density matrix ρred. neglecting
O(K7) for the singlet state as
|Nsinglet|2ρred. = |Ψ〉in out〈Ψ|Ψ〉out in〈Ψ|+ K
6
N
|Ψ〉in out〈i+ 1, i+ 1|Ψ〉out in〈i, i|
+K
6
N
|i, i〉in out〈Ψ|i+ 1, i+ 1〉out in〈Ψ|
+
(
K6
N
)2
|i, i〉in out〈i+ 1, i+ 1|i+ 1, i+ 1〉out in〈i, i| . (7.55)
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Here the norm |Nsinglet|2 is
|Nsinglet|2 ≡ K〈G+|G+〉K |singlet
= in〈Ψ|Ψ〉in out〈Ψ|Ψ〉out + K
6
N in
〈i, i|Ψ〉in out〈i+ 1, i+ 1|Ψ〉out
+K
6
N in
〈Ψ|i, i〉in out〈Ψ|i+ 1, i+ 1〉out
+
(
K6
N
)2
in〈i, i|i, i〉in out〈i+ 1, i+ 1|i+ 1, i+ 1〉out . (7.56)
To diagonalize the reduced density matrix (7.55), we would like to solve the
following eigenvalue problem
ρred. |P 〉 = p |P 〉 , |P 〉 = α |Ψ〉in + β |i, i〉in , (7.57)
which leads to (
ρ11 − p ρ12
ρ21 ρ22 − p
)(
α
β
)
= 0 , (7.58)
where
|Nsinglet|2ρ11 = in〈Ψ|Ψ〉in out〈Ψ|Ψ〉out +
K6
N
in〈i, i|Ψ〉in out〈i+ 1, i+ 1|Ψ〉out , (7.59)
|Nsinglet|2ρ12 = in〈Ψ|i, i〉in out〈Ψ|Ψ〉out +
K6
N
in〈i, i|i, i〉in out〈i+ 1, i+ 1|Ψ〉out , (7.60)
|Nsinglet|2ρ21 = K
6
N
in〈Ψ|Ψ〉in out〈Ψ|i+ 1, i+ 1〉out
+
(
K6
N
)2
in〈i, i|Ψ〉in out〈i+ 1, i+ 1|i+ 1, i+ 1〉out , (7.61)
|Nsinglet|2ρ22 = K
6
N
in〈Ψ|i, i〉in out〈Ψ|i+ 1, i+ 1〉out
+
(
K6
N
)2
in〈i, i|i, i〉in out〈i+ 1, i+ 1|i+ 1, i+ 1〉out . (7.62)
Thus, the eigenvalue is given by
p =
ρ11 + ρ22 ±
√
(ρ11 − ρ22)2 + 4ρ12ρ21
2
. (7.63)
To evaluate this, we use
in/out〈Ψ|Ψ〉in/out = 1 +O(K2) , (7.64)
in/out〈n, n|Ψ〉in/out = N +O(K2) , (7.65)
in/out〈n, n|n, n〉in/out = N(N + 1) , (7.66)
48
which can be obtained by recalling in/out〈n, n|0〉in/out = N and in/out〈0|0〉in =
1, together with the fact that in the leading order in HPE, we have |Ψ〉in =
|0〉in +O(K2). Then the leading contribution of (7.63) yields
p ' 1−K12 , K12 . (7.67)
We therefore obtain the entanglement entropy SBellEE for the singlet state as
SBellEE = −(1−K12) log(1−K12)−K12 logK12 +O(K14)
=
(
1− logK12)K12 +O(K14) . (7.68)
Note that we obtain entangled O(K12N0) Bell pairs in the HPE from the
O(K6N−1) term in the wave function (7.54).
8 Summary and discussions
In this paper, we studied 1+1 dimensional SU(N) gauge theories with matter
fields, mainly in the fundamental representation of the gauge group. In the
first part of this paper, the entanglement entropy for various meson states
is evaluated using the extended Hilbert space formalism [4, 5, 6]. We show
that the entanglement entropy has two different contributions. One is the
classical Shannon entropy for various different superselection sector distri-
bution, which is the first term in (1.4), and the other is the sum over the
logarithm of the dimensions for the irreducible representation at all bound-
aries, which is the second term in (1.4). In the second part, we consider the
ground state in the HPE and show that the first term and the second term
in (1.4) appear from the ground state at the O(K3), while the third term,
which corresponds to the number of Bell pairs obtained by the entanglement
distillation, appears at O(K6). Since all terms in (1.4) are positive definite,
they also remain positive even in the continuum limit (β = 1/(g2YMa
2)→∞
and K = 1/(m2a2 + 2) → 1/2). This means that the continuum vacuum of
gauge theories with the fundamental matter fields in 1+1 dimensions con-
tains all terms in (1.4). Unfortunately, it is very hard to calculate these three
contributions precisely in the continuum limit, since higher and higher order
terms in the HPE are needed toward the continuum limit.
Even though precise values are unknown, it is certain that the true vacuum
state contains not only the strong coupling ground state |0〉strong, which is
the ground state of the pure gauge theories, but also gauge invariant meson
states, which consist of multiple pairs of scalar and anti-scalar fields. Since
there are no contributions to the entanglement entropy from the strong cou-
pling ground state |0〉strong, all of the positive values of three terms in (1.4)
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are caused by multiple meson states. Therefore the entanglement entropy for
the true ground state comes mainly from the meson pair with small separa-
tion (a few lattice spacings) at small K. In the continuum limit (β →∞ and
K → 1/2), however, the separation n between the entangled meson pair (the
Bell pair) can become infinitely large due to the higher order of the HPE, so
that r = na becomes non-zero in the continuum limit. These suggest that
the continuum vacuum entanglement is due to the “condensation” of multi-
ple meson states. More precisely, the continuum vacuum is fully filled with
lattice meson states. This is the key picture we obtain through the analysis
in this paper. We end this paper with several comments.
Our results also imply an interesting property. If we take the continuum
limit as β →∞ but K < 1/2, the matter field becomes infinitely heavy, and
thus decouples from the low energy physics in the continuum limit, so that
the continuum theory is the pure gauge theory. This infinitely heavy mat-
ter, however, produces non-zero (genuine) entanglement of the pure gauge
vacuum. This means that the entanglement might be very sensitive to de-
grees of freedom at high energy, which can not be detected at low energy.
This left-over entanglement might be much smaller than the entanglement of
the continuum gauge theory with matters, which could be divergent. Even
though the entanglement is not observable in the strict sense, it is interesting
if this left-over entanglement can be detected by some mathematical means.
To make the above picture for the EE in the continuum limit more quan-
titative, we have to perform some kind of resummation for the HPE. At this
moment, unfortunately, we do not have an explicit idea how to do this gener-
ically and we are not sure if this is possible. However in 1+1 dimensions, the
gauge theory with matter fields is in principle solvable at least in the large
N limit [15]. We therefore have a good chance to obtain the EE for this
model in the large N limit. This direction is worth investigating furthermore
in future. Note that in this paper we focus especially on the ground state
but it is also interesting to study excited state entanglement entropy and
their time evolution. It is also interesting to generalize our analysis to higher
dimension.
Finally all of above results suggest interesting points in holography. In the
gauge theory side, the natural extended Hilbert space definition gives three
different terms for the entanglement entropy. In the gravity side, however, we
have only a minimal area term (RT formula [22]), at least in the large N limit.
Therefore, which term dominates in the large N limit among three terms in
(1.4) is an important question, when we compare the results with those in
the gravity side. It is interesting that the “genuine” entanglement part (=the
Bell pair part) may not be dominant one in the large N limit. In order to
deepen our understanding of the holographic meaning of the entanglement
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entropy, it is important to find the corresponding gravity dual to all of these
three terms in extended Hilbert space entanglement entropy. Last but not
least, it is interesting to ask what corresponds to the extended Hilbert space
in the dual gravity side. We hope to come back to these questions in near
future.
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A Useful formulas
We use a, b, c, d, · · · , and i, j, · · · as color indices in fundamental represen-
tation (which run 1, · · · , N) of the SU(N) gauge group.
A.1 Matter fields
Scalar field ϕ in Fundamental representation For the scalar field ϕc
in the fundamental representation with ϕ†ϕ ≡ ϕ†cϕc, we have following useful
Gaussian integral formulas:∫
[dϕ] e−aϕ
†ϕ =
(√
pi
a
)2N
, (A.1)∫
[dϕ] ϕ†cϕ
de−aϕ
†ϕ = δdc
1
a
(√
pi
a
)2N
, (A.2)∫
[dϕ] ϕ†aϕ
bϕ†cϕ
de−aϕ
†ϕ =
(
δbaδ
d
c + δ
d
aδ
b
c
) 1
a2
(√
pi
a
)2N
. (A.3)
The last formula gives∫
[dϕ] (
N∑
b=1
ϕ†bϕ
b)(
N∑
d=1
ϕ†dϕ
d)e−
∑N
c=1 aϕ
†
cϕ
c
=
N(N + 1)
a2
(√
pi
a
)2N
. (A.4)
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Hermitian N ×N matrix scalar Xcd field Next we consider the Gaus-
sian integral for the Hermitian N × N matrix field. This is an adjoint rep-
resentation matter field for gauge group U(N), whose Gaussian integral be-
comes ∫
[dX] exp
(−aTrX2) = (√pi
a
)N2
, (A.5)∫
[dX]XabX
c
d exp
(−aTrX2) = δadδcb 1
2a
(√
pi
a
)N2
, (A.6)
while the Gaussian integral for the field in the adjoint representation of the
gauge group SU(N) leads to∫
[dX]XabX
c
d exp
(−aTrX2)
=
(
δadδ
c
b − 1
N
δabδ
c
d
)
1
2a
(√
pi
a
)N2−1
, (A.7)
where the traceless condition is used. The above formulae are obtained by
expanding
X =
N2−1∑
A=0
tAXA ,
N2−1∑
A=0
(tA)ab(t
A)cd = δ
a
dδ
c
b (A.8)
for U(N) and
X =
N2−1∑
A=1
tAXA ,
N2−1∑
A=1
(tA)ab(t
A)cd = δ
a
dδ
c
b − 1
N
δabδ
c
d (A.9)
for SU(N), where XA is real and tr (t
AtB) = δAB.
A.2 Link variables (= exponential of gauge fields)
For link variables Uab, U
c
d, · · · in the fundamental representation (a, b, c, d =
1, · · · , N), the integration over the group with the invariant Haar measure
[dU ] gives ∫
[dU ] UabU
†c
d =
1
N
δadδ
c
b , (A.10)
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which can be derived from the symmetry under group transformation U →
LUR [13]. Similarly, one can show [13]∫
[dU ] UabU
c
dU
†i
jU
†k
`
=
1
N2 − 1
[
δajδ
i
bδ
c
`δ
k
d + δ
a
`δ
k
bδ
c
jδ
i
d − 1
N
(
δajδ
k
bδ
c
`δ
i
d + δ
a
`δ
i
bδ
c
jδ
k
d
) ]
.
(A.11)
where not only a, b, c, d but also i, j, k, l are indices of the fundamental/anti-
fundamental representation and thus run from 1 to N .
For generic representations R and R′, eq. (A.10) is replaced with∫
[dU ] Uab(R)U
†c
d(R
′) =
1
dR
δRR′δ
a
dδ
c
b , (A.12)
where dR is the dimension of the representation R (dR = N for the funda-
mental and dR = N
2 − 1 for the adjoint) and a, b, c, d = 1, · · · , dR in this
case. Furthermore eq. (A.11) becomes∫
[dU ] Uab(R)U
c
d(R)U
†i
j(R)U
†k
`(R)
=
1
d2R − 1
[
δajδ
i
bδ
c
`δ
k
d + δ
a
`δ
k
bδ
c
jδ
i
d − 1
dR
(
δajδ
k
bδ
c
`δ
i
d + δ
a
`δ
i
bδ
c
jδ
k
d
) ]
.
(A.13)
B Characters for link variables
Characters are very useful in order to handle link variables for gauge theories,
and we review briefly in this appendix.
For a gauge group element g ∈ G and its representation g(R), the character
is defined as
χR(g) ≡ Tr
R
[g(R)] . (B.1)
The character satisfies several important properties. One of them is that the
product of characters can be expressed as the sum of characters. The other
important property of character is that different representation characters
are orthogonal under the group integral.
To illustrate these, let us consider the group SU(2) as an example. One
can label representations by their spin j. Their dimensions are given by
dj = 2j + 1. Since characters are invariant under the group transformation,
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one can always choose a basis such that R(g) becomes a rotation along the
“z”-axis. Then it is clear that a number of parameters for each character is
given by the dimension of its Cartan sub-algebra. More explicitly, characters
for spin-j representations of the SU(2) are given by
χ 1
2
(θ) = 2 cos
θ
2
(
R
( 1
2
)
z (θ) =
[
ei
θ
2 0
0 e−i
θ
2
])
, (B.2)
χ1(θ) = 1 + 2 cos θ
R(1)z (θ) =
cos θ − sin θ 0sin θ cos θ 0
0 0 1
 , (B.3)
χj(θ) = Tr
j
[eiJzθ] =
j∑
m=−j
eimθ =
sin
(
j + 1
2
)
θ
sin θ
2
. (B.4)
For the SU(2), the fact that the product of characters can be expressed as
the sum of characters is equivalent to a familiar Clebsch-Gordan expansion
in quantum mechanics:
χj1(θ)χj2(θ) =
j1+j2∑
j=|j1−j2|
χj(θ) . (B.5)
For example,
χ 1
2
(θ)χ 1
2
(θ) = 4 cos2
θ
2
= 4× 1 + cos θ
2
= χ0(θ) + χ1(θ) . (B.6)
The property that different representations are orthogonal is expressed as∫
[dg] χj(g)χ
∗
j′(g) = δjj′ (B.7)
This can be seen as follows. For the SU(2), due to its pseudo-reality, χj(g) =
χ∗j(g). Using (B.5), above integrand can be expressed as a sum over different
representations of characters. From the invariance of the measure, ∀h ∈
G, [dg] = d[(hg)] = d[(gh)], it is clear that only the singlet representation
gives nonzero value after the integral. We take
∫
[dg] = 1 as the normalization
condition.
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C Tensor product decomposition of the wave
function
In this appendix, we discuss the decomposition of the wave function given in
section 4.3 as
Ψ(ϕ,U) =
[
ϕ†bUb,b+1ϕb+1
]2 [
ϕ†b+1U
†
b,b+1ϕb
]2
≡ [(ϕ†φ)(φ†ϕ)]2 , (C.1)
where ϕ ≡ ϕb and φ ≡ Ub,b+1ϕb+1. We regard ϕ and φ as objects in inside
and outside regions, respectively. Since there are 2 sets of “fundamental ⊗
anti-fundamental” matters in the inside, one can decompose it into 2 sets of
“adjoint ⊕ singlet” as
(ϕ†φ)(φ†ϕ) = Tr(XY ) +
1
N
(ϕ†ϕ)(φ†φ) , (C.2)
where we define “adjoint matters” by
Xab ≡ ϕ†bϕa −
1
N
δab(ϕ
†ϕ) ,
Y ab ≡ φ†bφa −
1
N
δab(φ
†φ) . (C.3)
In this notation, we can rewrite our wave function as follows.
Ψ(ϕ,U) =
[
1
N2
(ϕ†ϕ)2(φ†φ)2 +
2
N
Tr(XY )(ϕ†ϕ)(φ†φ) + [Tr(XY )]2
]
. (C.4)
The first term belongs to the singlet sector, which comes from “singlet ⊗
singlet”, while the second term to the adjoint sector from “singlet ⊗ adjoint”.
The third term corresponds to “adjoint ⊗ adjoint”, and we therefore need
to further decompose this term into irreducible representations. For SU(N),
the tensor product decomposition of adjoint ⊗ adjoint is
N2 − 1 ⊗ N2 − 1 = 1⊕ (N2 − 1)s ⊕ (N2 − 1)a
⊕ 1
4
N2(N− 1)(N + 3)⊕ 1
4
N2(N + 1)(N− 3)
⊕ 1
4
(N2 − 1)(N2 − 4)⊕ 1
4
(N2 − 1)(N2 − 4) , (C.5)
where 1
4
N2(N− 1)(N + 3) and 1
4
N2(N + 1)(N− 3) are totally symmet-
ric and anti-symmetric traceless combination for original indices, respec-
tively, while two adjoint representations, (N2 − 1)s and (N2 − 1)a, comes
from these “s” ymmetric and “a” nti-symmetric representations by the par-
tial trace. Finally 1
4
(N2 − 1)(N2 − 4) and its conjugates are mixed symmet-
ric and traceless. In SU(2) and SU(3), some of these representations are
absent but our final result is true for these special cases.
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Figure 7: Young diagrams for the tensor decomposition (C.5).
C.1 Tensor product decomposition for components
As a first step, we decompose XabX
i
j into irreducible combinations. We fol-
low the standard procedure in the representation theory of SU(N). Namely,
we first symmetrize and anti-symmetrize XabX
i
j, and then remove the trace
of these combinations. We continue this manipulation until we obtain the
trivial representation. From now on we assume N ≥ 4.14 The final result
becomes
XabX
i
j = (1)
ai
bj + (N
2 − 1s)aibj + (N2 − 1a)aibj +
(
1
4
N2(N− 1)(N + 3)
)ai
bj
+
(
1
4
N2(N + 1)(N− 3)
)ai
bj , (C.6)
where
(1)aibj =
1
(N2 − 1)Tr(X
2)
[
δajδ
i
b − 1
N
δabδ
i
j
]
, (C.7)
14Although intermediate steps cannot be applied directly to N = 2, 3, our final result is
valid even in these cases.
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(N2 − 1s)aibj = 1
2(N + 2)
[
δib(X
2)aj + δ
a
j(X
2)ib + (X
2)abδ
i
j + (X
2)ijδ
a
b
− 2
N
Tr(X2)(δajδ
i
b + δ
a
bδ
i
j)
]
, (C.8)
(N2 − 1a)aibj = 1
2(N − 2)
[
δib(X
2)aj + δ
a
j(X
2)ib − (X2)abδij − (X2)ijδab
− 2
N
Tr(X2)(δajδ
i
b − δabδij)
]
, (C.9)
(
1
4
N2(N− 1)(N + 3)
)ai
bj
=
1
2
[
XabX
i
j +X
a
jX
i
b − 1
N + 2
(
δib(X
2)aj + δ
a
j(X
2)ib + (X
2)abδ
i
j + (X
2)ijδ
a
b
)
+
1
(N + 1)(N + 2)
Tr(X2)(δabδ
i
j + δ
a
jδ
i
b)
]
, (C.10)(
1
4
N2(N + 1)(N− 3)
)ai
bj
=
1
2
[
XabX
i
j −XajX ib − 1
N − 2
(
δib(X
2)aj − δij(X2)ab + (X2)ibδaj − (X2)ijδab
)
+
1
(N − 1)(N − 2)Tr(X
2)(δajδ
i
b − δabδij)
]
. (C.11)
One can obtain the same decomposition for Y abY
i
j just replacing X to Y .
There are no contributions from the last 2 terms of (C.5). This is simply
because our wave function is “real”.
C.2 Decomposition for [Tr(XY )]2
By using previous results, we can decompose “adjoint ⊗ adjoint” into irre-
ducible representations. Since the contraction with different representations
vanish, one can decompose [Tr(XY )]2 as follows.
[Tr(XY )]2 = [Tr(XY )]2
∣∣
1
+
[
Tr(XY )]2 |N2−1s +
[
Tr(XY )]2
∣∣
N2−1a
+[Tr(XY )]2
∣∣
1
4
N2(N−1)(N+3) + [Tr(XY )]
2
∣∣
1
4
N2(N+1)(N−3) , (C.12)
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where [
Tr(XY )]2
∣∣
1
=
1
N2 − 1TrX
2TrY 2 , (C.13)[
Tr(XY )]2
∣∣
N2−1s =
1
N + 2
[
Tr(X2Y 2)− 1
N
(TrX2)(TrY 2)
]
, (C.14)
[
Tr(XY )]2
∣∣
N2−1a =
1
N − 2
[
Tr(X2Y 2)− 1
N
(TrX2)(TrY 2)
]
, (C.15)
[
Tr(XY )]2
∣∣
1
4
N2(N−1)(N+3)
=
1
2
[
Tr(XY )Tr(XY ) + Tr(XYXY )− 2
N + 2
Tr(X2Y 2) +
1
(N + 1)(N + 2)
TrX2TrY 2
]
,
(C.16)[
Tr(XY )]2
∣∣
1
4
N2(N+1)(N−3)
=
1
2
[
Tr(XY )Tr(XY )− Tr(XYXY )− 2
N − 2Tr(X
2Y 2) +
1
(N − 1)(N − 2)TrX
2TrY 2
]
= 0. (C.17)
Each symbol |R denotes the projection into each irreducible representation
R. A reason why the last vanishes is the same as the case of two mesons
at the same position with the same direction, which do not have the totally
anti-symmetric combination.
Explicitly we have
(X2)ab = (ϕ
†ϕ)
[(
1− 2
N
)
ϕaϕ†b +
1
N2
δab(ϕ
†ϕ)
]
, (C.18)
(XY )ab = (ϕ
†φ)φ†bϕ
a − 1
N
{
(ϕ†ϕ)φ†bφ
a + ϕ†bϕ
a(φ†φ)
}
+
1
N2
δab(ϕ
†ϕ)(φ†φ) ,
(C.19)
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TrX2 =
(
1− 1
N
)
(ϕ†ϕ)2 , (C.20)
Tr(XY ) = (ϕ†φ)(φ†ϕ)− 1
N
(ϕ†ϕ)(φ†φ) , (C.21)
Tr(X2Y 2) = (ϕ†ϕ)(φ†φ)
[(
N − 2
N
)2
(φ†ϕ)(ϕ†φ) +
1
N3
(2N − 3)(ϕ†ϕ)(φ†φ)
]
,
(C.22)
Tr(XYXY ) = (ϕ†φ)2(φ†ϕ)2 − 4(N − 1)
N2
(ϕ†φ)(φ†ϕ)(ϕ†ϕ)(φ†φ)
+
1
N3
(2N − 3)(ϕ†ϕ)2(φ†φ)2 , (C.23)[
Tr(X2Y 2)− 1
N
(TrX2)(TrY 2)
]
=
(
N − 2
N
)2
(ϕ†ϕ)(φ†φ)Tr(XY ) . (C.24)
C.3 Summary
To summarize, the final results are explicitly given as
Ψ(ϕ,U) = Ψ1(ϕ,U) + ΨN2−1(ϕ,U) + Ψ1
4
N2(N−1)(N+3)(ϕ,U) , (C.25)
where
Ψ1(ϕ,U) =
1
N2
(ϕ†ϕ)2(φ†φ)2 +
[
Tr(XY )]2
∣∣
1
=
2
N(N + 1)
(ϕ†bϕb)
2(ϕ†b+1ϕb+1)
2 , (C.26)
ΨN2−1(ϕ,U) =
2
N
(ϕ†ϕ)(φ†φ)Tr(XY ) +
[
Tr(XY )]2
∣∣
N2−1s +
[
Tr(XY )]2
∣∣
N2−1a
=
4
N + 2
(ϕ†bϕb)(ϕ
†
b+1ϕb+1)
[
(ϕ†bUb,b+1ϕb+1)(ϕ
†
b+1U
†
b,b+1ϕb)
− 1
N
(ϕ†bϕb)(ϕ
†
b+1ϕb+1)
]
,
(C.27)
Ψ1
4
N2(N−1)(N+3)(ϕ,U) = [Tr(XY )]
2
∣∣
1
4
N2(N−1)(N+3)
= (ϕ†bUb,b+1ϕb+1)
2(ϕ†b+1U
†
b,b+1ϕb)
2
− 2
N + 2
(ϕ†bϕb)(ϕ
†
b+1ϕb+1)
[
2(ϕ†bUb,b+1ϕb+1)(ϕ
†
b+1U
†
b,b+1ϕb)
− 1
N + 1
(ϕ†bϕb)(ϕ
†
b+1ϕb+1)
]
.
(C.28)
Note that this result also holds for the N = 2 case.
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D Feynman diagrams for transfer matrix in
the HPE
The hopping parameter expansions (HPE) for the transfer matrix can be
evaluated efficiently using Feynman diagrams. We consider the SU(N) gauge
theory with fundamental scalar fields in 2-dimensional lattice space-time,
where the horizontal direction corresponds to the spatial direction while the
vertical direction corresponds to the Euclidean time direction, respectively.
The transfer matrix is defined in §6. As is clear from the expression, it
represents a transition from a “current state” (which we denote as ΨB =
{φ, V }) to a “future state” (which we denote as ΨA = {ϕ,U}) by unit time
shift. As mentioned, we take the temporal gauge, therefore all gauge link
variables along the time direction are set to unity.
D.1 Diagrams
D.1.1 States
The gauge invariant “quark-antiquark” states |n,m〉 labeled by site positions
(n,m) are defined as
〈ΨA|n, n〉 = ϕ†nϕn ,
〈ΨA|n,m〉 = ϕ†nUn→mϕm (n < m),
〈ΨA|n,m〉 = ϕ†nU †m→nϕm (n > m), (D.1)
where
Un→m = Un,n+1Un+1,n+2 · · ·Um−1,m . (D.2)
These states can be represented graphically as
〈ΨB|n, n〉 =
n
, 〈ΨB|n, n+ 1〉 =
n n+1
(D.3)
for the “current” states, and
〈ΨA|n, n〉 =
n
, 〈ΨA|n+ 2, n〉 =
n n+2
(D.4)
for the “future” states. Here a matter field is represented as a white or black
circle for ϕ† or ϕ respectively, while a (spatial) gauge field is a line with
direction. “Current” fields are on the bottom and “future” fields are on the
top such that the (Euclidean) time goes upward.
The ground state |0〉 is represented as an empty diagram.
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D.1.2 Transfer matrix
The transfer matrix Tˆ is given by15
〈ΨA|Tˆ |ΨB〉 = TG(U, V )TM(ϕ, φ)T 20 (ΨB). (D.5)
Using hopping parameter K, we can represent T0(Ψ
B), TM(U, V ) as
T 20 (Ψ
B) =
Nl−1∏
n=0
(
exp
[
−φ†nφn +K
{
φ†nVnφn+1 + φ
†
n+1V
†
nφn
}])
=
Nl−1∏
n=0
An exp
[
K
{
n n+1
+
n n+1
}]
,
= A
Nl−1∏
n=0
∞∑
hn=0
Khn
hn!
(
n n+1
+
n n+1
)hn
, (D.6)
TM(ϕ, φ) =
Nl−1∏
n=0
exp
[
K
(
ϕ†nφn + φ
†
nϕn
)]
=
Nl−1∏
n=0
exp
[
K
(
n
+
n
)]
=
Nl−1∏
n=0
∞∑
vn=0
Kvn
vn!
(
n
+
n
)vn
, (D.7)
In the last line of both equations, we expand them in the power series of K
(HPE). Here we define An = e
−φ†nφn and A =
∏
nAn, which give damping
factors under the φ integral for normalization16.
Ignoring the difference between a meson and its Hermitian conjugation,
we have two types of diagrams, horizontal pairs and vertical pairs. Notice
that vertical lines have no direction, due to the temporal gauge we take.
Vertical lines are simply connecting color degrees of freedom on both ends in
the (anti)fundamental representation.
D.2 Evaluating the transfer matrix in HPE
In this subsection, we explicitly evaluate the action of the transfer matrix to
some states. At the O(K3) in the HPE, generic matrix elements are given
15In this appendix, we use rescaled Tˆ which is used after §6.3. Therefore cG does not
appear here.
16We here ignore irrelevant constants such as powers of pi’s.
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by 〈ΨA|Tˆ |α〉 where |α〉 = {|0〉 , |n,m〉}. In other words, the ground state
|0〉 mix with at most a single meson state, and one can neglect multi-meson
states at this order17.
By inserting the completeness relation, we get
〈ΨA|Tˆ |α〉 =
∫
dΨB 〈ΨA|Tˆ |ΨB〉 〈ΨB|α〉 . (D.8)
We thus get 〈ΨA|Tˆ |α〉 at O(Ks) order from the following rules,
1. Start from the diagram representing 〈ΨB|α〉.
2. Expand T0 and TM in terms of K and pick up all allowed terms, i.e.,
terms which satisfy
∑
n(hn + vn) ≤ s, where hn and vn are numbers
of horizontal and vertical pairs, respectively. Then act these terms on
the above 〈ΨB|α〉 (graphically putting corresponding diagrams), and
integrate φ (=current matter fields) in the total diagrams.
3. Finally act TG on the diagrams, and integrate V (=current link vari-
ables).
We have several comments for integrals of matters and link variables.
• The integration of φ can be done by using correlation functions for
scalar fields such as
〈(φ†n)aφbm〉 = δnmδba , 〈φanφbm〉 = 〈(φ†n)a(φ†m)b〉 = 0 ,
〈(φ†na)aφbnb(φ†nc)cφdnd〉 = δbaδdcδna,nbδnc,nd + δdaδbcδna,ndδnc,nb , (D.9)
where a, b, c, d = 1, 2, . . . N are color index18. Non-zero contributions
can be obtained if and only if the integrand contains same number of
and at each site at the bottom (“current”). In addition we see that
the number of and must be globally equal and the total number of
vertical pairs must be even.
• In the diagrammatic representation, the integration by φ at the bottom
(“current”) connects a line attaching to a white circle with a line at-
taching to a black circle at the same site, and then remove these circles.
For example,
−→ + . (D.10)
17The multi-meson states are important once we take into account higher order correc-
tions in the HPE.
18We take the irrelevant multiplicative constant of T0 to normalize the first equation
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If a closed loop or a shrunk point without links appear after the integral,
a factor N must be attached as
−→ = N , −→ N . (D.11)
We can explicitly check the above rules using (D.9).
• As explained in Section §6, TG can be expanded in terms of characters
as
TG(U, V ) =
Nl−1∏
n=0
∑
R
dR
λR(β)
λ1(β)
χR(Un,1V
†
n,1) . (D.12)
With the orthogonality condition (6.21), one can easily perform the
gauge field integration on each link. For example, if TG(U, V ) acts on
gauge fields (Vn,n+3)
a
b and V ’s are integrated, we can represent this
procedure graphically as∫
(Πn=1,··· ,NldVn,n+1)TG(U, V ) (Vn,n+3)
a
b
= Πs=0,1,2
∫ dVn+s,n+1+s

(
dFλF
λ1
)
Tr

n+s n+1+s
 a b
n+s n+1+s


=
(
dFλF
λ1
)3
Πs=0,1,2
∫
dVn+s,n+1+s
c d
c d
a b
n+s n+1+s
=
(
λF
λ1
)3 a b
n n+3
. (D.13)
We see in this case that TG plays a role of uplifting gauge fields with
the factor λF/λ1 for each link.
• More generally, acting on links which belong to the irreducible repre-
sentation R, TG uplifts gauge fields with the factor λR/λ1.
• For more complicated links which do not belong to one irreducible
representation such as a product of links in some representations, we
should decompose them into irreducible representations before the in-
tegration. For example, V abV
†d
c, which belongs to fundamental ×
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anti-fundamental representations, can be decomposed into singlet and
adjoint part as
V abV
†d
c =
(
1
N
δacδ
d
b
)
+
(
V abV
†d
c − 1
N
δacδ
d
b
)
. (D.14)
We can visualize this as
a
c
b
d
=
1
N
δac δ
d
b +
(a, c) (b, d) , (D.15)
where the doubled line without direction represents the gauge field in
the adjoint representation. Each pair (a, c) or (b, d) correspond to an
index of the adjoint representation of the gauge field, whose dimension
is N2 − 1.
• With matter fields, we can represent the decomposition(C.2) as:
=
1
N
+ , (D.16)
where squares corresponds to the adjoint parts of the matter field. This
leads to the following relation we will use later.
∫
dV TG(U, V ) =
∫
dV TG(U, V )
 1N +

=
1
N
+
λAdj
λ1
. (D.17)
D.3 Some examples
D.3.1 〈ΨA|Tˆ |n, n〉 at O(K3)
We derive the explicit form of 〈ΨA|Tˆ |n, n〉 at O(K3). We start from the
diagram .
At K0 order we only have
〈ΨA|Tˆ |n, n〉 |K0 =
∫
dΨBA
aa
n
= δaa = N, (D.18)
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where we denote color indices explicitly. We thus obtain
Tˆ |n, n〉 |K0 = N |0〉 . (D.19)
At K1, from the comment we gave before, the acting pair must be horizon-
tal. However one horizontal pair can not make even number matter fields on
each site, so there are no contribution at this order.
At K2 order, next, we can consider two vertical pairs or two horizontal
pairs. In both cases two pairs must share the same link as
〈ΨA|Tˆ |n, n〉 |K2
K2
=
∫
dV TG(U, V )dφA

a
a
b
c
c
b
n
+
∑
m 6=n
 a an . . .
b
b
c
c
m

+
a
a
b
c
d
n
e
n+1
+
c
c
b
a
e
n−1 d n
+
∑
m6=n−1,n
(
a
a
n
. . .
b c
de
m m+1
)
=
∫
dV TG(U, V )
(δbaδcb + δbbδca)
a c
n
+
∑
m 6=n
δaaδ
b
c
b c
m
+ (δaaδ
b
e + δ
a
eδ
b
a)δ
c
d
e
b
d
c
n n+1
+ δae(δ
c
cδ
d
b + δ
c
bδ
d
c) e
a
d
b
n−1 n
+
∑
m6=n−1,n
δaaδ
b
eδ
c
d
e
b
d
c
m m+1
]
= (1 +N)
n
+N
∑
m6=n
m
+ 2N(1 +N) +N2(Nl − 2) .
(D.20)
We finally obtain
Tˆ |n, n〉 |K2 = K2N(NNl + 2) |0〉+K2 |n, n〉+K2N
∑
m
|m,m〉 . (D.21)
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At O(K3) order, there are three horizontal or vertical pairs. Only the
“U” shape diagram, consisting of two vertical and one horizontal pairs, are
allowed, since other cases lead to an odd number of scalar fields on some site.
Employing rules (D.10) and (D.11) and taking care for the direction, we have
〈ΨA|Tˆ |n, n〉 |K3
K3
=
∫
dV TG(U, V )dφA
 n n+1 + n n+1
+
n−1 n
+
n−1 n
+
∑
m 6=n,n−1
n . . . m m+1 + n . . . m m+1


=
∫
dV TG(U, V )
(N + 1) ∑
m=n−1,n
 m m+1 + m m+1

+ N
∑
m 6=n−1,n
 m m+1 + m m+1


=
(
λF
λ1
)∑
m
(N+δm,n−1 + δm,n)
 m m+1 + m m+1
 .
(D.22)
As a result, we obtain
Tˆ |n, n〉 |K3 = K3
(
λF
λ1
)
(|n, n+ 1〉+ |n+ 1, n〉+ |n− 1, n〉+ |n, n− 1〉)
+K3N
(
λF
λ1
)∑
m
(|m,m+ 1〉+ |m,m− 1〉) . (D.23)
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D.3.2 The detail for the calculation of (7.48)
Here we show the derivation of (7.48), coefficient of |i, i〉 |i+ 1, i+ 1〉 term
at K6 order. All we have to consider is Tˆ6 |G+0 〉 = Tˆ6 |0〉 and Tˆ4 |G+2 〉 =∑
n Tˆ4 |n, n〉.
First let us consider Tˆ6 |0〉. We have six meson-like pairs in Tˆ , which act
on |0〉. The four of them must be devoted to construct the future state
|i, i〉 |i+ 1, i+ 1〉 and the other two must be conjugated with each other in
the horizontal direction. So we have following patterns of configurations to
integrate:
i i+1
,
i−1 i i+1
,
i i+1 i+2
,
i i+1
. . .
j j+1
, (D.24)
where j 6= i − 1, i, i + 1. For the first configuration, the integration can be
done as
∫
dV TG(U, V )dφA =
∫
dV TG(U, V )
(N + 2) +

=
∫
dV TG(U, V )
(N + 2 + 1N ) +

=(N + 2 +
1
N
) +
λadj
λ1
, (D.25)
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where we use (D.17). For the other configurations, we have
∫
dV TG(U, V )dφA
i−1 i i+1 + i i+1 i+2
+
∑
j 6=j−1,j,j+1 i i+1
. . .
j j+1
,

=(2 +NNl −N) . (D.26)
For Tˆ4
∑
n |n, n〉, all of pairs in Tˆ should be used to make |i, i〉 |i+ 1〉 |i+ 1〉.
So we have
∫
dV TG(U, V )dφA
 i i+1 + i i+1 +
∑
j 6=i,i+1 i i+1
. . .
j

= (NNl + 2) . (D.27)
Combining all results, the coefficient of |i, i〉 |i+ 1, i+ 1〉 becomes 2NNl +
6 +
1
N
.
E O(K2) eigenstates and eigenvalues of Tˆ
In this appendix, we derive eigenvalues and their eigenfunctions of the trans-
fer matrix Tˆ at O(K2), where |0〉 and |n,m〉 with |n−m| ≤ 2 mix with each
other. First, we classify these eigenstates depending on the value of f0 (zero
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or nonzero) as
|G〉K ≡ f0 |0〉+
∑
n
an |n, n〉+
∑
n
bn |n, n+ 1〉+
∑
n
cn |n, n− 1〉
+
∑
n
dn |n, n+ 2〉+
∑
n
en |n, n− 2〉 ,
|E〉K ≡
∑
n
an |n, n〉+
∑
n
bn |n, n+ 1〉+
∑
n
cn |n, n− 1〉
+
∑
n
dn |n, n+ 2〉+
∑
n
en |n, n− 2〉 , (E.1)
which correspond to f0 6= 0 case and f0 = 0 case, respectively. Here |G〉K ’s
should include |0〉 while |E〉K ’s denote the complement of |G〉K ’s.19
All relevant eigenvalues and eigenfunctions are obtained as follows.
• States |G±〉K with eigenvalues G±K are given by
|G±〉K := |0〉+
∑
n
a±n |n, n〉 , where a±n =
K2
G±K − (1 +NN`)K2
,
(E.2)
G±K =
1
2
{1 +K2(1 + 2NN`)}
± 1
2
√
1− 2(1− 2NN`)K2 + {1 + 4N(NN` + 2)N`}K4.
(E.3)
• State |Gbc〉K with the eigenvalue GbcK is given by
|Gbc〉K := K |0〉+
K
λF
λ1
− (1 +NN`)
∑
n
|n, n〉
+
∑
n
(bGn |n, n+ 1〉+ cGn |n, n− 1〉) , (E.4)
GbcK = K
2
(
λF
λ1
)
, (E.5)
19G for |G〉K means that it contains the strong coupling ground state |0〉, while E
for |E〉K represents the lattice excited states. Their subscript K denotes that the state
depends on K.
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where coefficients bGn and c
G
n must satisfy∑
n
(bGn + c
G
n ) = −
1
N
− N`
λF
λ1
− (1 +NN`)
+K2
[
1
N
(
λF
λ1
)
−N` − (NN` + 2) N`λF
λ1
− (1 +NN`)
]
.
(E.6)
• State |Gde〉K with the eigenvalue GdeK is given by
|Gde〉K := K2 |0〉+
K2(
λF
λ1
)2
− (1 +NN`)
∑
n
|n, n〉
+
∑
n
(dGn |n, n+ 2〉+ eGn |n, n− 2〉) (E.7)
GdeK = K
2
(
λF
λ1
)2
. (E.8)
where coefficients dGn and e
G
n must satisfy∑
n
(dGn + e
G
n ) = −
1
N
− N`(
λF
λ1
)2
− (1 +NN`)
+K2
 1
N
(
λF
λ1
)2
−N` − (NN` + 2) N`(
λF
λ1
)2
− (1 +NN`)
 .
(E.9)
• State |Ea〉K with the eigenvalue EaK is given by
|Ea〉K :=
∑
n
aEn |n, n〉 where
∑
n
aEn = 0 , (E.10)
EaK = K
2 , (E.11)
• State |Ebc〉K , which gives the eigenvalues EbcK , defined as
|Ebc〉K :=
∑
n
(bEn |n, n+ 1〉+ cEn |n, n− 1〉) , where
∑
n
(bEn + c
E
n ) = 0 ,
(E.12)
EbcK = K
2
(
λF
λ1
)
. (E.13)
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• State |Ede〉K with the eigenvalue EdeK is given by
|Ede〉K :=
∑
n
(dYn |n, n+ 2〉+ eYn |n, n− 2〉) , where
∑
n
(dYn + e
Y
n ) = 0 ,
(E.14)
EdeK = K
2
(
λF
λ1
)2
. (E.15)
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